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Introduction 


The evaluation of definite integrals is a subject that every student encounters 
in beginning Calculus courses. It is particularly easy to give examples that 
produce complicated answers. For instance 


co 
i: e “dx=1, 
0 


fe ee” dz = we 
0) 2 


requires a little bit more work. This is a fundamental evaluation and it appears 
in every Statistics course. On the other hand, the value 


< 3 1 1 
—* dr = —-T{ - 
[ asus () 


is more advanced and it involves the classical Gamma function. It is hard 
to convince a good student that this last evaluation cannot be written in a 
simpler form. This is the best you can do. 

Aside from evaluating integrals just because they are there, the author 
has discussed in [62] and [68] a variety of mathematical questions coming 
from these evaluations. 

Tables of integrals have been used since the beginning of time. The author 
recalls his undergraduate days where students carried earlier editions of [84]. 
Current tables include the encyclopedic treatise by A. P. Prudnikov et al. 
[73] as well as smaller volumes such as A. Apelblat [8]. There are also large 
collection of integrals that have appeared as papers. For instance, A. Devoto 
and D. Duke [34] contains a variety of definite integrals that are useful in the 
evaluation of Feynman diagrams (more of these appear in the book by V. A. 
Smirnov [78] and the series by C. C.Grosjean [44, 45, 46, 47]). 

A literature search shows that the table of integrals by I. S. Gradshteyn 
and I. M. Ryzhik is one of the most used by the scientific community. The 
author became interested in the verification of its entries while trying to verify 
entry 3.248.5 of [39] 


is elementary. The value 


ee dx 
I (1 + 27)3/2[6(x) + /o(x)]!/? 


© 2015 by Taylor & Francis Group, LLC 


xiv Introduction 


with 
4a? 


o(z) =1+ 3(1 4+ 22)?" 


The table gave the value 7/26. A direct numerical integration shows that 
this is incorrect. The integral is approximately 0.666377 and the right hand- 
side is about 0.641275. This error produces two natural questions: what is the 
value of the integral? and what produced the incorrect answer? To this day, 
April 2014, the author does not know how to answer either one. 

The entry 3.248.5 looked interesting since the author had been involved 
in the expansion of the double square root [20] 


‘(jo gmeaver eS ae 
n=0 


and had identified the coefficients as 
1 (-1)""1 


a a 


No,a(ain— 1) 


where 
dx 


N - => .. 
0,4(a; 7m) i (a* + 2ax? + 1)™+1 


The integral No,4(a;m) is evaluated in the form 


; _t Py(a) 
No,a(a;m) = 2 B@ + 1p’ 


where the coefficients of the polynomial 
m 
Pm(a) = >> deat 
£=0 


are given by 
om W> ak (2M — 2k\ (m+k\ (k 
sanemEeQ2y(rr(0) 
k=e 

The formula for No,4(a;m) was established in [18]. A variety of proofs that 
have appeared in the literature are reviewed in [5]. Newer proofs continue to 
appear [6, 7, 48, 52]. 

The original proof simply showed how the specific form of this integral 
can be traced to an entry in Gradshteyn and Ryzhik. An earlier elementary 
proof [23] had produced a more complicated triple sum for the coefficients 
dg(m). It turns out that this triple sum was crucial in the computer proof by 


M. Kauers and P. Paule [50] of the logconcavity of these coefficients. The study 
of the sequence {de(m) : 0 < € < m} has generated some interesting work. 
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The reader will find in [1, 17] descriptions of their unimodality. In [30, 32] the 
authors describe further ordering properties and [31] produces a combinatorial 
interpretation of this family. A summary of properties is presented in [59]. 

A second entry in Gradshteyn-Ryzhik that has generated interesting re- 
sults is Entry 6.441.2 


fore) de—tn/or. 


0 


This is a result due to L. Euler. During the study of integrals containing the 
Hurwitz zeta function, just by chance, the author found the generalization 


In P(2) de = + ae tse lc 


[ 2 nf? Severs 
0 48 3 


0) , & 2) 


Qn? ’ 


=n? Qn —(y+2In Jin) s 


presented in [37]. Here y = —I’(1) is Euler’s constant. The corresponding 
value of the integral of In? T'(2) has recently been obtained by D. Bailey, 
D. Borwein and J. Borwein in [11] in terms of the sums 


a log’ m log? n log® ke), 


Wa,b,c(T; $,t) = 
n?ms(n + m)t 


n=1m=1 


The goal of the project is to present self-contained proofs to all the entries 
n [40]. We have tried to give the most elementary arguments possible. An 
important step in the verification of these formulas is the use of a symbolic 
language. The author has used Mathematica. A standard reduction technique, 
that is helpful in the symbolic check of these integrals, is illustrated with entry 


4.333: = ’ 
i ce! Ina dz = —-(y+ in(4n)),/*. 
0 a ML 


Start with the change of variables t = ,/fx. This simplifies the exponent in 
the exponential to produce 


oe 2 1 [% _2» Inp [°° _2 
e #* Inadxr = — | et near — > f e © dt. 
[ VE Jo 2/E Jo 


The first integral is the case w = 1 of entry 4.333 and second one is the classical 
normal integral. Both of them can be evaluated symbolically. This provides 
evidence that the formula might be correct. Now one can start looking for a 
proof. The reader should be warned that, as in every computer code, there are 
some bugs in the Integrate package of Mathematica. For instance, version 
9.0 gives 


“sinh(2a)dx = 1 
= = 2 In 72 
i 4 sar V3n + In 729) 
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while the correct value, coming from entry 3.545.2 in [40] 
i sinh ax dx 1 T (=) 
——————_ = — — — co ———— 
> | F—1—(oa NBS? 


a sinh(2r)dx 1 
o 420 es®@—-1 86 


In the proofs presented here, we have indicated the entries that cannot be 
evaluated by Mathematica. For the material chosen for this volume, there are 
not too many of them. Mathematica has powerful integrating algorithms. A 
second example where one obtains an incorrect symbolic answer comes from 


entry 3.269.1: 
1 Pp _ »—P 1 
: “ede = cot (=) -—-. 
9 l-2 2 2 p 
Mathematica version 9.0 gives the value 


_s T 1+p? 
0 


is 


(9 + 2V3r). 


zs dx = ———_~ —- ————. 
1-2? 2sin(mp)  2p(1 — p?) 
For safety reasons, the author has checked each entry using numerical inte- 
gration in Mathematica. 


The message of the previous paragraph is that in the evaluation of definite 
integrals there is still room for classical human proofs. The author’s vision of 
a perfect entry is one that has a variety of proofs, that can be evaluated as a 
symbolic language or points to the development of a new algorithm. Moreover, 
the formula must have a reason for being. 


The entries are given without indication of the range of parameters for their 
validity. It is a rewarding exercise for the reader to determine this range. A 
second ingredient missing from the book is a historical background on these 
entries. This is an essential component of a table of integrals. The reader 
should be informed about where the integral came from and a bibliographical 
reference for it. Some of this information appears in the work of Bierens de 
Haan [15]. Lack of time (and mostly knowledge) has kept the author from 
pursuing this goal. 


Many of the entries in [40] came from the tables of integrals produced by 
Bierens de Haan [16]. Information about this author appears in [74]. Correc- 
tions to this work were produced by C. F. Lindman [56]. Many other entries 
have been added through the years. Among the sources cited for the entries 
in Gradshteyn and Ryzhik [40] the reader will find the classical tables by 
A. Erdélyi et al. [85, 36] and [12] and also the tables [42] and [43]. The reader 
will find in 


www.stephenwolfram.com/publications/ 
history-future-special-functions 
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a lecture by S. Wolfram on Special Functions, where part of the history of this 
table is described. 


The reader of [40] will find in it a section called Acknowledgments. This 
contains a list of all the users of the table that have contributed to the latest 
edition. It is a way in which the editors thank the community for the contin- 
uous effort to make this volume a reliable document. The author wishes to 
thank Dan Zwillinger for his invitation to participate in the editing process 
of future editions of this table. The length of this list of users shows that the 
formulas presented in [40] are the result of a truly collaborative effort. The au- 
thor wishes to thank, in the same spirit, those who participated in the papers 
that form the basis for this volume. Other collaborators will be acknowledged 
in future volumes. Many thanks to Matthew Albano, Jason Rosenberg, and 
Pat Whitworth, undergraduates at the time when the work was prepared; 
Luis Medina, Armin Straub, and Erin Beyerstedt, then graduate students; 
Ronald Posey and Khristo Boyadzhiev, colleagues who were patient with my 
many emails about integrals. The author wishes to thank Lin Jiu for a careful 
reading of this manuscript. Finally, particular thanks are given to Tewodros 
Amdeberhan, who has shown the author the beauty, patterns, and unexpected 
connections behind these formulas. 
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List of formulas 


The current volume contains the first 15 papers containing proofs of the entries 
in [40]. The author has looked for collaborators in this task among colleagues 
and has also included graduate and undergraduate students in it. The first 
paper in this series [63] appeared in Revista Scientia. This is a journal pub- 
lished by the Departamento de Matematicas of Universidad Técnica Federico 
Santa Maria in Valparaiso, Chile. The author was an undergraduate student 
there. Following a suggestion of a referee, the sequence of papers containing 
proofs of other entries have all appeared in this journal. The author wishes 
to thank Prof. Ivan Szant6, the editor of Revista Scientia for his collabo- 
ration in this project and for his permission to include these papers in this 
volume. 


The title of the papers starts with The integrals in Gradshteyn and Ryzhik 
followed by an indication of the content of the specific paper. The papers 
included here are: 

Part 1: A family of logarithmic integrals, 14, 2007, 1 — 6. 

Part 2: Elementary logarithmic integrals, 14,2007, 7 — 15. 

Part 3: Combinations of logarithms and exponentials, 15, 2007, 31 — 36. 
Part 4: The gamma function, 15, 2007, 37 — 36. 


Part 5: Some trigonometric integrals, 15, 2007, 47 — 60; 
with T. Amdeberhan and L. Medina. 


Part 6: The beta function, 16, 2008, 9 — 24. 


Part 7: Elementary examples, 16, 2008, 25 — 39; 
with T. Amdeberhan. 


Part 8: Combinations of powers, exponentials, and logarithms, 16, 2008, 
41 — 50; with J. Rosenberg, A. Straub and P. Whitworth. 


Part 9: Combinations of logarithms, rational and trigonometric functions, 
17, 2009, 27 — 44; with T. Amdeberhan, J. Rosenberg, A. Straub, 
and P. Whitworth. 


Part 10: The digamma function, 17, 2009, 45 — 66; 
with L. Medina. 


Part 11: The incomplete beta function, 18, 2009, 61 — 75; 
with K. Boyadzhiev and L. Medina. 


xix 
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List of formulas 


Part 12: Some logarithmic integrals, 18, 2009, 77 — 84; 
with R. Posey. 


Part 13: Trigonometric forms of the beta function, 19, 2010, 91 — 96. 


Part 14: An elementary evaluation of entry 3.411.5, 19, 2010, 97 — 103; 
with T. Amdeberhan. 


Part 15: Frullani integrals, 19,2010, 113 — 119; 


with M. 


Albano, T. Amdeberhan, and E. Beyerstedt. 


This volume contains the first collection of evaluations from [40] as part of a 
plan to present proofs of all the entries. These chapters are small modifications 
of the articles that have appeared in Scientia, so the chapters can be read 
independently of each other. 


The table [40] is divided into definite and indefinite integrals. Starting in 
Section 2, page 63, the reader will find a list of indefinite integrals. This part is 
subdivided into sections, with each section named after the type of integrals 
found in it. For instance, section 2.15 has the title Forms containing pairs 
of binomials: a+ bx and a+ $x. Sections are then divided into subsections. 
The number of entries in each subsection varies a great deal. For instance, 
subsection 2.152 contains two entries 


where z = a+ba, 


ends on page 245. 


a 
2.152.1 /F dz = + Be Iné 
2.152.2 /- dx = — — = Inz 


t=a+ za, and A = a8—ab. The list of indefinite integrals 


The titles of the sections are: 


Title 
2.1 
2.2 
2.3 
2.4 
2.5 — 2.6 
2.7 
2.8 


Pages 
Rational Functions 66 to 82 
Algebraic Functions 82 to 105 
The Exponential Function 106 to 109 
Hyperbolic Functions 110 to 151 
Trigonometric Functions 151 to 237 
Logarithms and Inverse-Hyperbolic Functions 237 to 241 
Inverse Trigonometric Functions 241 to 245 
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List of formulas Xx 


The part corresponding to indefinite integrals that is considered in the first 
volume of this series, begins on page 253. The sections are named 


Title Pages 
3.1 — 3.2 Power and Algebraic Functions 253 to 333 
3.3 — 3.4 Exponential Functions 334 to 371 
3.5 Hyperbolic Functions 371 to 390 
3.6 — 4.1 Trigonometrical Functions 390 to 527 
4.2 Logarithmic Functions 527 to 599 
4.2 Inverse Trigonometric Functions 599 to 607 


Later sections contain integrals of a variety of special functions. This will 
be discussed in future volumes. 
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Chapter 1 


A family of logarithmic integrals 


id TREC OMCIOM: och uechizeetenwiis du xweeeei cise keteteemie ei takesd 1 
LZ TEE CyAIGAIO, -ccccuccdciacaravanteckeniaderhaameanpwaieoganinenes 3 


1.1 Introduction 


The values of many definite integrals have been compiled in the classical 
Table of Integrals, Series and Products by I. S. Gradshteyn and I. M. Ryzhik 
[40]. The table is organized like a phonebook: integrals that look similar are 
placed close together. For example, 4.229.4 gives 


[ . (1 =) (1 a dx = (wT (n), (1.1.1) 


for Rey > 0, and 4.229.7 states that 


m/2 3 
/ InIntanade = In l (3) 
n/4 2 r( ) 


In spite of a large amount of work in the development of this table, the latest 
version of [40] still contains some typos. For example, the exponent wu in (1.1.1) 
should be yw. A list of errors and typos can be found in 


vr. (1.1.2) 


http://www.mathtable.com/errata/gr6_errata. pdf 


The fact that two integrals are close in the table is not a reflection of 
the difficulty involved in their evaluation. Indeed, the formula (1.1.1) can be 
established by the change of variables v = — Ina followed by differentiating 
the classical gamma function 


T(z) =) ttre dt, Repw>0, (1.1.3) 
0 


with respect to the parameter y. The function w(y) in (1.1.1) is simply the 
logarithmic derivative of I'(j:) and the formula has been checked. The situation 
is quite different for (1.1.2). This formula is the subject of the lovely paper 

1 
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2 Special integrals in Gradshteyn and Ryzhik. The proofs. Volume 1 


[82] in which the author uses Analytic Number Theory to check (1.1.2). The 
ingredients of the proof are quite formidable: the author shows that 


n/2 d 
/ InIntan «dx = —I(s)L/(s) at s =1, (1.1.4) 
n/A ds 
where 1 ‘ i 
Se et 1.1.5 
(s) af ea at (1.1.5) 


is the Dirichlet L-function. The computation of (1.1.4) is done in terms of the 


Hurwitz zeta function 
Co 


(a8) => = (1.1.6) 


oy (new 


defined for 0 < g < 1 and Res > 1. The function ¢(q,s) can be analytically 
continued to the whole plane with only a simple pole at s = 1 using the 
integral representation 


1 co eats 


The relation with the L-functions is provided by employing 
L(s) = 27** (¢(s, 7) — ¢(s, #)) - (1.1.8) 


The functional equation 


2 s 
L(l1—s)= (=) sin “T(s) L(s), (1.1.9) 
T 2, 
and Lerch’s identity 
T(a) 
'(0,a) =1 1.1.10 
¢"(0, a) = log or ( ) 


complete the evaluation. More information about these functions can be found 
in [83]. 


In the introduction to [22] we expressed the desire to establish all the 
formulas in [40]. This is a nearly impossible task as was also noted by a (not 
so) favorable review given in [76]. This is the first of a series of papers where 
we present some of these evaluations. 

We consider here the family 


© In" adr 
=) a ’ 14 ii 
fn(a) | (c—i)e +a) or n and a > 0 ( ) 
Special examples of f, appear in [40]. The reader will find 
n? + In? a 
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as formula 4.232.3 and 
Ina (rn? + In? a) 
fhe) = 30a) 


as formula 4.261.4. In later sections the persistent reader will find 


(1.1.13) 


(1? + In? a)? 


hla) = “Tarra) 
Ina (x? + In? a)(7n? + 31n? a) 
fs(a) _ ————isteay 
— (t+ In? a)? (3x? + In? a) 
f(a) = a co 


as 4.262.3, 4.263.1 and 4.264.3 respectively. 
These formulas suggest that 


hn(b) == fn(a) x (1+) (1.1.14) 


is a polynomial in the variable 6b = Ina. The relatively elementary evaluation 
of fn(a) discussed here identifies this polynomial. 

There are several classical results that are stated without proof. The reader 
will find them in [9] and [22]. 


1.2. The evaluation 


The expression (1.1.11) for f,(a) can be written as 


1 tn? eae 69 In”! & dx 
fala) = | cares (©-1)(@+a)’ 


and the transformation t = 1/z in the second integral yields 


1 n-1 1 n-1 
In x dx In x dx 
n(a)= | ————_ + (-1)" | ——__——_.. 
In(a) | G-Data [ (z—1)(1 + az) 
The partial fraction decomposition 
1 1 1 1 i} 


(e-1)(e+a) l+az-1 1+azr+a 


yields the representation 


fala) 1—(-1)""1 - In”? x dx 1 a In”! x dx 
r(a) = ———— | ——- ——— 
l+a 9 «-1l l+ajg ta 


1 
a In 
i me ice 
+( ) 1l+a Jo 1l+az 
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The evaluation of these integrals require the polylogarithm function defined 
by 


ak 
Li, (2) =~ = (1.2.1) 
k=1 


This function is sometimes denoted by PolyLog|n, 2]. Detailed information 
about the polylogarithm functions appears in [54]. 


Proposition 1.2.1. ForneN,n>2 anda>1 we have 


| EE 2s ea ieee. 


xr-1l 


{== = (-1)"(a= 114, (t/a), 


U+Ga 
1 n—-1 
] d. —1)! 
i ee es oe) Li, (—a). 
9 ltaz a 
Proof. Simply expand the integrand in a geometric series. O 


Corollary 1.2.1. The integral f(a) is given by 


(-)"(n— D)! 


fn(a) = fang 


{[(@ — (-1)""] ¢(n) — Lin (-2) + (-1)" “MLin(—a)} 
The reduction of the previous expression requires the identity 
(27)” 


lay = Taye (1 gh eet) + 5) —e "Li, (-1/z). (1.2.2) 


This transformation for the polylogarithm function appears in 


http: //functions.wolfram.com/10.08.17.0007.01 


In the special case z = —a and vy = n, with n € N, n > 2, we obtain 
27)” loga 1 
a) — Lal = ( Bu = 1.2.3 
(1) *Lig(-a) —Lig(—t/a) = Fp, (E45), 2) 


where B,,(z) is the Bernoulli polynomial of order n. This family of polynomials 
is defined by their exponential generating function 


tet ~ i” 
as S- Bay: (1.2.4) 
k=0 
The classical identity 
1 
¢1-—k,qg) = — 7 Bx (a), fork EN (1.2.5) 


is used in (1.2.3). Therefore the result in Corollary 1.2.1 can be written as: 
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Corollary 1.2.2. The integral f,(a) is given by 


f(a) = n= aye + -aynyetn) + EE, (BES 4 3). 


We now proceed to simplify this representation. The Bernoulli polynomials 
satisfy the addition theorem 


n 


By(e+y) = >> (") B,(x)y"~4, (1.2.6) 


j=0 
and the reflection formula 
Bn(§ — %) = (-1)"Bn (§ +2). (1.2.7) 
In particular B,,(3) = 0 if n is odd. For n even, one has 
Bn(s) = (24-7 — Bn, (1.2.8) 


where B,, is the Bernoulli number B,,(0). Thus, the last term in Corollary 
1.2.2 becomes 


B loga 1 a n (21-25 _ 1) Ba, loga\"~” 
Ma OP ee 73 \ Oni 


We have completed the proof of the following closed-form formula for f;, (a): 


Theorem 1.2.1. The integral f(a) is given by 


fn(a) = a [L-- (= 1)" ] ot) + 


Observe that if n is odd, the first term vanishes and there is no contribution 
of the odd zeta values. For n even, the first term provides a rational multiple 
of 7” in view of Euler’s representation of the even zeta values 


a ana 22) 


Tamil (1.2.9) 


(2m) = 


The polynomial h,, predicted in (1.1.14) can now be read directly from 
this expression for the integral f,,. Observe that h,, has positive coefficients 
because the Bernoulli numbers satisfy (—1)/~' Bo; > 0. 
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Note. The change of variables t = Inz converts hn(a) into the form 


oe t”—1 dt 
hn(a) = a re CET (1.2.10) 


The integrals h,(a) for n = 2,--- ,5 appear in [40] as 3.419.2,--- ,3.419.6. 
The latest edition has an error in the expression for this last value. 


Conclusions. We have provided an evaluation of the integral 


© In" ledx 
fn(a) =| (x —1)(«@ +a)’ (1.2.11) 
given by 
n(1 + a) fn(a) = (—1)"n! [1 +4 (=1)"| C(n) Tr 
LS! 
: j=0 (3) (2% — 2)(—1)?" Boj (log. a)". 


Symbolic calculation. At the present time, February 2014, the integrals 
evaluated in this chapter can be computed with Mathematica 9.0 if the pa- 
rameter n is assigned a numerical (positive integer) value and a is kept as a 
free parameter. On the other hand, if both n and a are kept in symbolic form, 
Mathematica is unable to give the value of the integral. This also happens if 
a is assigned a numerical value and n is kept as a parameter. 


The integrands described in this chapter have the structral form 
polynomial in x x rational function of x. (1.2.13) 


More examples of this class will appear in later chapters. 


The indefinite integral 


In®-1 x 
dex (1.2.14) 


that would give the integrals evaluated here after a partial fraction expansion, 
cannot be computed when n is kept as a parameter. For a given value of n, 
Mathematica gives the indefinite integral in terms of elementary functions and 
polylogarithms. For example, 


[Sy deat nin (12) + 30s Poytog 4 


— 6Inz PolyLog [3. | + 6 PolyLog [3. =| ; 


This is discussed in the next chapter. 
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There are also some issues of producing the simplest expression for these 
integrals. For instance, for entry 3.419.5, Version 9.0 of Mathematica gives 


™ a* dx , 
oo (B+e)1—e-*) 146 (PolyLog [5, —+] — PolyLog[5, —8]) . 


The reader is invited to learn the commands to produce 


| eS 7 soon (x? +n? B) (7m? +31n” 8). 


The latest edition [40] has a typo in this entry: the factor 7? + In? 8 has an 
extra square. 


Note. On April 2014, the entries 4.229.4 and 4.229.7, given in (1.1.1) and 
(1.1.2) respectively, cannot be evaluated by Mathematica, version 9.0. 
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Chapter 2 


Elementary logarithmic integrals 


4,1 PAHO OUCHION: odci us cuates 2s oith ued bedindd sede tdesunde hike dakys 9 
De Polynomial examples occ ccccscceienecacainedaesiuseaeaaneueeesees 9 
SI Linen ensnMnatOrs: 45 04ieedeiiain sabe shou dewia Seow heetieuianeene 10 
2.4 A. Wnigue miilliplé Pole + civecradivrseniidvacievsevscteleaseasines 14 


2.1 Introduction 


The table of integrals by I. S. Gradshteyn and I. M. Ryzhik [40] contains 
a large selection of definite integrals of the form 


[ R(x) In™ «dz, (2.1.1) 


where R(x) is a rational function, a, b € R* and m EN. We call integrals of 
the form (2.1.1) elementary logarithmic integrals. The goal of this note is to 
present methods to evaluate them. We may assume that a = 0 using 


b b a 
/ R(a) In” «dx = ‘| R(a) In™ «dx — | R(a) In™ a dx. (2.1.2) 
a 0 0 


Section 2.2 describes the situation when R is a polynomial. Section 2.3 
presents the case in which the rational function has a single simple pole. 
Finally section 2.4 considers the case of multiple poles. 


2.2 Polynomial examples 


The first example considered here is 


I(P;b,m) := [ P(x) In™ «da, (2.2.1) 
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where P is a polynomial. This can be evaluated in elementary terms. Indeed, 
I(P;b,m) is a linear combination of 


b 
i a In™ x da, (2.2.2) 
0 


and the change of variables x = bt yields 


b m 1 
| eg a alee a (‘") i vf t) In* t dt. (2.2.3) 
) k—0 k ) 


The last integral evaluates to (—1)*k!/(j + 1)**1 either by an easy induction 
argument or by the change of variables t = e~* that gives it as a value of the 
gamma function. 


Theorem 2.2.1. Let P(x) be a polynomial given by 


P * 
= aga? (2.2.4) 
Then 


b 
I(P;b,m) := [ Pewee (2.2.5) 
pitt 


m—k 
= (—1)¥k (7) m Daa 7apeT 
k=0 


This expression shows that I(P;b,m) is a linear combination of b? In* b, with 
1<j<1+p(=1+deg(P)) andO<k<m. 


2.3. Linear denominators 


We now consider the integral 


b 
F(b;7) =f a (2.3.1) 


for b, r > 0. This corresponds to the case in which the rational function in 
(2.1.1) has a single simple pole. 
The change of variables x = rt produces 


b b/r 
| ees =Inr n(1 +b /r) + f eat (2.3.2) 
0 0 


LT I+t 
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Therefore, it suffices to consider the function 


b 
Int dt 
— 2.3. 
oo) = f To. (2.3.3) 
as we have ; : 
f(b;r) =Inr In (1 + ”) +g (7) : (2.3.4) 
r r 


Before we present a discussion of the function g, we describe some elemen- 
tary consequences of (2.3.2). 


Elementary examples. The special case r = b in (2.3.2) yields 


b 1 
d. Intd 
/ . =in2Inb+ [ aa (2.3.5) 
9 o+b o beet 
Expanding 1/(1 +t) as a geometric series, we obtain 
1 2 
Int dt 1 T 
— = —--((2) = -—. 2.3.6 
| T+t 28) =—75 ee) 


This appears as 4.231.1 in [40]. Differentiating (2.3.2) with respect to r pro- 
duces 


[ Ina dx _ _In(o+r) Inr bInb (2.3.7) 
9 («+r r r r(r +0) 
As b, r + 1 we obtain 
1 Ina dx 
7 — = -—In2. (2.3.8) 
o (+a)? 
This appears as 4.231.6 in [40]. On the other hand, as b + oo we recover 
4.231.5 in [40]: 
i eee (2.3.9) 
9 («£+r) r 
The polylogarithm function. The evaluation of the integral 
b 
Int dt 
b) := —— 2.3.1 
o)= fF (2.3.10) 
requires the transcendental function 
Li, (2) := —. 2.3.11 
ine) = Do (2.3.11) 


This is the polylogarithm function and it has also appeared in [63] in our 
discussion of the family 


ee In" ede 
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In the current context we have n = 2 and we are dealing with the dilogarithm 
function: Lig(x). 


Lemma 2.3.1. The function g(b) is given by 
g(b) = Inb In(1 + b) + Lig(—b). (2.3.13) 
Proof. The change of variables t = bs yields 


lin sds 
1+bs° 


g(b) = Inb In(1 +b) +f (2.3.14) 
0 


Expanding the integrand in a geometric series yields the final identity. O 
Theorem 2.3.1. Let b, r > 0. Then 


b 
ED iain 2) a 2 |, (2.3.15) 
o t+Tr r r 
Corollary 2.3.1. Let b > 0. Then 
b 2 
Ined 
| <= n2 nb 5. (2.3.16) 


Proof. Let r — b in Theorem 2.3.1 and use 


12 
Lig(— 


The expression in Theorem 2.3.1 and the method of partial fractions gives 
the explicit evaluation of elementary logarithmic integrals where the rational 
function has simple poles. For example: 


Corollary 2.3.2. Let0<a<b andr, 412 € R*. Then, with r = re — 11, 
we have 


nea) 3) wu) 


The special case a = r; and b = r2 is of interest: 


Corollary 2.3.3. Let0<a<b. Then 


b 
i = 5 [In(ab) n(a + 6) m2in(ab) — 2na nd 
- —a 


x +a)(x +b) 
— 2Lie(—1) 4 Lin ( -) + Lia ( I. 


+ 
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The integral in Corollary 2.3.3 appears as 4.232.1 in [40]. An interesting 
problem is to derive 4.232.2 


i Ina dz _ u-In?v (2.3.18) 
0 


gtue+tv) 22(u—v) 
directly from Corollary 2.3.3. 


We now present an elementary evaluation of this integral and obtain from 
it an identity of Euler. We prove that 


b 2 
Inada Inab (a +b) 
—_——_— = 1 ; 2.3.19 
; (ctay(a+b) 2(b—-a) 4ab eae) 


Proof. The partial fraction decomposition 


1 ee a oe See 
(xta)(x+b) b-a\aet+a xr+b)° 


reduces the problem to the evaluation of 


b b 
i ] 
n=[ naz dx and Ip = | ne dae 
a eta a «+b 


The change of variables x = at gives, with c = b/a, 


i In(at) dt 
r= f Se 
, l+t 


© at © Int 
= lna — + — dt 
(eet Jee 


= nain(t +¢)—Inaina+ f° at 
Similarly, 
a = Indn2—Indin(d +1/e)+ fo BE 
1 Il+t 
Therefore 
I,-Ipg = Inaln(l+c)+InbIn(1+1/c) —In2Ina—In2Inb+ 


© Int ' Int 
au a 
Lae vel +t 


Let s = 1/t in the second integral to get 


1 1 
7. mR ge = [ze 
ijel +t « s(1+s) 
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Replacing in the expression for I, — Iz yields 


Ty-Ip = Ina(In(a+b) — Ina —In2) —Inb (In2 —- In(a+ b) + Inb) + 


Cint 
[te 
1 i 


The last integral can now be evaluated by elementary means to produced the 
result. O 


Now comparing the two evaluation of the integral in Corollary 2.3.3 pro- 
duces an identity for the dilogarithm function. 


Corollary 2.3.4. The dilogarithm function satisfies 
m1 


Lig(—z) + Lig (-:) a a In?(z). (2.3.20) 


In particular, 


(2.3.21) 


Replacing in Corollary 2.3.3 gives (2.3.19). 


This is the first of many interesting functional equations satisfied by the 
polylogarithm functions. It was established by L. Euler in 1768. The reader 
will find in [54] a nice description of them. 


2.4 A unique multiple pole 


In this section we consider the evaluation of 


> Inada 
fn(0,7) =| (+r (2.4.1) 


This corresponds to the elementary rational integrals with a unique pole (at 
x = —r). The change of variables x = rt yields 


7 Inr (b+r)?-1— rr} 1 
frld,r) = h-Dr= aS 7 cna lin(b/r), 
where beatae 
ntdt 
hy(b) =f aay (2.4.2) 


We first establish a recurrence for hy. 
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Theorem 2.4.1. Letn > 2 andb>0. Then hy satisfies the recurrence 


n—2 blnb 
hn(b) = ——Fhn1(6) + @—-Da+54 
(n — 1)(n — 2)(1 +b)? 


(2.4.3) 


+ 


Proof. Start with 


(+t) —¢] Intdt _ > + Intdt 
An(d) -/ Tp atl) f alae 


Integrate by parts in the last integral, with u = ¢ Int and du = dt/(1+t)” to 
produce the result. Oo 


The initial condition for this recurrence is obtained from the value 


b 


This expression follows by a direct integration by parts in 


b 
ho(b) =—lim | Int “a +#)~? dé. (2.4.5) 


e390! J. 


The first few values of h,,(b) suggest the introduction of the function 
Qn(b) := (1 +b)" "hy (bd), (2.4.6) 
for n > 2. For example, 
go(b) = blnb— (1+ 6) In(1 +0). (2.4.7) 
The recurrence for h, yields one for gn. 
Corollary 2.4.1. The recurrence 


(n — 2) 
(n — 1) 
holds for n > 3. 


biInb © (1+ 6) [((1+0)”-? - 1] 
n-1 (n — 1)(n — 2) ; 


Gn(b) = (1 + b)dn—1(b) + (2.4.8) 


Corollary 2.4.1 establishes the existence of functions X,,(b), Y,(b) and 
Zn(b), such that 


dn(b) = Xn(b) Inb + Y;,(b) In(1 +b) + Zp (0). (2.4.9) 


The recurrence (2.4.8) produces explicit expression for each of these parts. 
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Proposition 2.4.1. Letn >2 and b> 0. Then 


ij) (2.4.10) 


n—-1 
Proof. The function X,, satisfies the recurrence 
—2 b 
X(b) = ——=(1 + 6) Xn_1(b) + 


n—-1 n—-1 


(2.4.11) 


The initial condition is X2(b) = b. The result is now easily established by 
induction. O 


Proposition 2.4.2. Let n >2 and b> 0. Then 


yon. (2.4.12) 


n—-1 


Proof. The function Y, satisfies the recurrence 


¥(0).= = (1+ 6)Y¥,-1(0). (2.4.13) 
This recurrence and the initial condition Y2(b) = —(1+5), yield the result. O 


It remains to identify the function Z,,(b). It satisfies the recurrence 


n—2 (1+ 6) [(1+8)"-? - 1] 


Zn(b) = 7 (1+ )2n30) — Fa a (2.4.14) 


This recurrence and the initial condition Z2(b) = 0 suggest the definition 


Tn(b) = ——Sara) 


(2.4.15) 


Lemma 2.4.1. The function T,,(b) is a polynomial of degree n—3 with positive 
integer coefficients. 


Proof. The function T,,(b) satisfies the recurrence 


1+b)"-2—-1 
Tn (b) = (n — 2)(1 + b)T,-1(b) + (n — 3)! ja : (2.4.16) 
Now simply observe that the right hand side is a polynomial in b. O 


Properties of the polynomial T;,(b) will be described in future publica- 
tions. We now simply observe that its coefficients are unimodal. Recall that a 
polynomial 


Pb) = s cb® (2.4.17) 
k=0 
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is called unimodal if there is an index n*, such that cy < cp41 for 0 < k < n* 
and cy > ce41 for n* < k < n. That is, the sequence of coefficients of P, 
has a single peak. Unimodal polynomials appear in many different branches 
of Mathematics. The reader will find in [27] and [80] information about this 
property. We now use the result of [17] to establish the unimodality of T,,. 


Theorem 2.4.2. Suppose cy, > 0 is a nondecreasing sequence. Then P(a +1) 
is unimodal. 


Therefore we consider the polynomial S,,(b) := T,,(b — 1). It satisfies the 
recurrence 


n—-3 
Sn(b) = b(n — 2)Sn—1(b) + (n— 3)! Sob”. (2.4.18) 
r=0 
Now write : 
Bab) = So Guxd™, (2.4.19) 
k=0 


and conclude that co,, = (n — 3)! and 
Chen = (1M — 2)ch-1,n—1 + (n — 3)!, (2.4.20) 
from which it follows that 
Chin — Chyn = (0 — 2) [Ck.n—1 — Ck—-1,n-1]- (2.4.21) 


We conclude that cz, is a nondecreasing sequence. 
Theorem 2.4.3. The polynomial T,,(b) is unimodal. 


Conclusions. We have given explicit formulas for integrals of the form 


[ R(x) Inada, (2.4.22) 


where R is a rational function with real poles. Future reports will describe the 
case of higher powers 


b 
/ R(a) In™ «da, (2.4.23) 
as well as the case of complex poles, based on integrals of the form 
Clan) 7 Ina dx (2.4.24) 
n(@,7) i= ———. A, 
. 0 (@+r2yr 


Note. All the entries discussed in this chapter can be computed using 
Mathematica. 
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Combinations of logarithms and 
exponentials 
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3.1 Introduction 


This is the third in a series of papers dealing with the evaluation of def- 
inite integrals in the table of Gradshteyn and Ryzhik [40]. We consider here 
problems of the form 


| e ** P(Ina) dz, (3.1.1) 
0 


where t > 0 is a parameter and P is a polynomial. In future work we deal 
with the finite interval case 


b 
/ e * P(Inz) dz, (3.1.2) 
where a, b € Rt with a <b andt € R. The classical example 
| e “Ingdzr = —7, (3.1.3) 
0 


where ¥ is Euler’s constant is part of this family. The integrals of type (3.1.1) 
are linear combinations of 


Int) = i: e  (Inx)” da. (3.1.4) 
0 
The values of these integrals are expressed in terms of the gamma function 
I(s) = i g® te" dx (3.1.5) 
0 
and its derivatives. 
19 
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3.2. The evaluation 


In this section we consider the value of J;,,(t) defined in (3.1.4). The change 
of variables s = tx yields 


1 f= - 
In(t) = -/ e *(Ins—Int)” ds. (3.2.1) 
0 
Expanding the power yields J, as a linear combination of 


tes =} e*(Inz)” dx, O0<m<n. (3.2.2) 
0 


An analytic expression for these integrals can be obtained directly from 
the representation of the gamma function in (3.1.5). 


Proposition 3.2.1. Forn © N we have 


love) i d n 
i (Inz)” 2°-'e~* da = (=) T(s). (3.2.3) 
0 ds 
In particular 
In i= | (Inx)” e~* de =P™(1). (3.2.4) 
0 
Proof. Differentiate (3.1.5) n-times with respect to the parameter s. O 


Example 3.1. Formula 4.331.1 in [40] states that! 
lore) = 5 
e ** Ina dx = —— (3.2.5) 
0 ML 


where 6 = y+ Inyp. This value follows directly by the change of variables 
$s = px and the classical special value I’(1) = —y. The reader will find in 
Chapter 9 of [22] details on this constant. In particular, if 4 = 1, then 6 = 7 
and we obtain (3.1.3): 


e” Inadz = —7. (3.2.6) 
0 


The change of variables x = e~* yields the form 


/ tete* dt= y. (3.2.7) 


—oco 


1The table uses C for the Euler constant. 
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Many of the evaluations are given in terms of the polygamma function 


W(x) = “inT(2), (3.2.8) 


Properties of 7 are summarized in Chapter 1 of [79]. A simple representation 
is 


a | 
W(x) = Jim [i a > oa :) ‘ (3.2.9) 
from where we conclude that 
1)= li if ae = 3.2.10 
(1) = Tim sae =—7; (3.2.10) 


this being the most common definition of the Euler’s constant y. This is 
precisely the identity I’(1) = —7. 
The derivatives of w satisfy 


HOM (x) = (-1)"™F ml C(m + 1,2), (3.2.11) 
where a 
1 
¢(z,q) := irr: (3.2.12) 


is the Hurwitz zeta function. This function appeared in [63] in the evaluation 
of some logarithmic integrals. 


Example 3.2. Formula 4.335.1 in [40] states that 


Os ss xv 2 t [a 2 
e * (Ina)” de =—|—+06°], (3.2.13) 
0 uw 6 


where 6 = y+In as before. This can be verified using the procedure described 
above: the change of variable s = px yields 


~ 1 
| e he (In x)? dx = — (12 — 20, Ino + Ip In? Lt) ; (3.2.14) 
0 ll 


where I, is defined in (3.2.4). To complete the evaluation we need some special 
values: (1) = 1 is elementary, I’(1) = (1) = —+y appeared above and using 
(3.2.11) we have 


je CY. Le) 
p(x) = Tx) (=2) (3.2.15) 
The value : 
vil) = <Q) =F, (3.2.16) 
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where ¢(z) = ¢(z,1) is the Riemann zeta function, comes directly from 
(3.2.11). Thus 
r’(1) = ¢(2) +9’. (3.2.17) 


Let ps = 1 in (3.2.13) to produce 
| e~* (Ina)? dx = C(2) +7’. (3.2.18) 
) 
Similar arguments yields formula 4.335.3 in [40]: 
oS 1 
/ e-#* (Inx)® dx = —— [+ 4n°5-v"(1)], (3.2.19) 
0 M 


where, as usual, 6 = y+ Inw. The special case 4 = 1 now yields 


| e* (Inz)® dx = —y - amy +1). (3.2.20) 
0 
Using the evaluation 
p"'(1) = —2¢(3) (3.2.21) 
produces 
| e-* (Inz)® dx = -y — amy — 2¢(3). (3.2.22) 
0 


Problem 3.2.1. In [22], page 203, we introduced the notion of weight for 
some real numbers. In particular, we have assigned ¢(j) the weight 7. Differ- 
entiation increases the weight by 1, so that ¢'(3) has weight 4. The task is to 
check that the integral 


de eh e*(Ina)” dx (3.2.23) 
0 


is a homogeneous form of weight n. 


3.3. A small variation 


Similar arguments are now employed to produce a larger family of integrals. 
The representation 


i; ale" H* de = -*D(s), (3.3.1) 
0 
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is differentiated n times with respect to the parameter s to produce 


co d n 
| (In x)” 2*~*e7#* da = (=) [uM *I(s)] . (3.3.2) 
0 ds 
The special case n = 1 yields 
= d 
| ae lagde, = -—-[p-*T(a)| (3.3.3) 
0 ds 


= p-*(0"(s)—npT(s)) 
p(s) (W(s) — np). 


This evaluation appears as 4.352.1 in [40]. The special case = 1 yields 


| z®-te-* Ina dz =I"(s), (3.3.4) 
0 


that is 4.352.4 in [40]. 
Special values of the gamma function and its derivatives yield more con- 
crete evaluations. For example, the functional equation 


We +1) = v(x) + = (3.3.5) 


that is a direct consequence of I'(x2 + 1) = aI(zx), yields 


n 


w(n+1)= 1 oe (3.3.6) 
k=1 


Replacing s = n+ 1 in (3.3.3) we obtain 


ae or n! cea 
| xe # invade = os (Sop 9), (3.3.7) 


that is 4.352.2 in [40]. 
The final formula of Section 4.352 in [40] is 4.352.3 


es eee _ Vr (2n— 1)! Fe. 1 ee 
i x € ee Se ee Dae ar] y — In(4y)} . 
k=1 
This can also be obtained from (3.3.3) by using the classical values 


I(n+3) = YF an — 1)! 


n i 


k=1 


p(n + 5) 


The details are left to the reader. 
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Section 4.353 of [40] contains three peculiar combinations of integrands. 
The first two of them can be verified by the methods described above: formula 
4.353.1 states 


[ —v)2”'e~* Ine dz =T(v), (3.3.8) 


and 4.353.2 is 


aa 1 2n — 1)!! 
| (ue —n— $)a"- Ze" Inadz = a i (3.3.9) 
0 (2) M 


Note. All the entries discussed in this chapter can be computed using 
Mathematica. 
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Chapter 4 


The gamma function 
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4.5 The presence of fake parameters ............ 0.0 .ce cece cece cence 34 


4.1 Introduction 


The table of integrals [40] contains some evaluations that can be derived 
by elementary means from the gamma function, defined by 


T(a) = _ a? le—* da. (4.1.1) 


The convergence of the integral in (4.1.1) requires a > 0. The goal of this 
paper is to present some of these evaluations in a systematic manner. The 
techniques developed here will be employed in future publications. The reader 
will find in [22] analytic information about this important function. 

The gamma function represents the extension of factorials to real param- 
eters. The value 


T(n) = (n—1)!, forneN (4.1.2) 
is elementary. On the other hand, the special value 
T(3)=v0 (4.1.3) 


is equivalent to the well-known normal integral 
| exp(—t) dt = 46 (2). (4.1.4) 
0 


The reader will find in [22] proofs of Legendre’s duplication formula 


Eee (4.1.5) 


T (e+ 9) = pay gmet” 


that produces for = m € N the values 
25 
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Vm (2m)! 


WN es 
This appears as 3.371 in [40] in the equivalent form 
a 1 2n— 1)! 
i pee oO (4.1.7) 
0 Pye sz 


4.2 The introduction of a parameter 


The presence of a parameter in a definite integral provides great amount 
of flexibility. The change of variables x = pt in (4.1.1) yields 


T(a) = uw’ | te di. (4.2.1) 
0 


This appears as 3.381.4 in [40] and the choice a = n+ 1, with n € N, that 
reads 


/ Ser gen (4.2.2) 
0 


appears as 3.351.3. 


The special case a = m+ 4, that appears as 3.371 in [40], yields 
amare: 2m)! 1 
i a ee VE CE cee: (4.2.3) 
0 


is consistent with (4.1.6). 


The combination 


ce e 4¥t — eT H® p? — pP 


that appears as 3.434.1 in [40] can now be evaluated directly. The parameters 
are restricted by convergence: 4, v > 0 and p < 1. The integral 3.434.2 


CO n-pn _ p-Va 
i: STE dy = In, (4.2.5) 
) M 


ax 


is obtained from (4.2.4) by passing to the limit as p > 0. This is an example 
of Frullani integrals that will be discussed in Chapter 15. 


The reader will be able to check 3.478.1: 
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a 1 
i av” exp(—pa?) dx = —p-”/?T («) : (4.2.6) 
) Pp P 
and 3.478.2: 
’ v—-1 1 —v/ Vv 
x’ * [1 — exp(—px?)] dx = —— yp”? [ — (4.2.7) 
) Ip| Pp 


by introducing appropriate parameter reduction. 


The parameters can be used to prove many of the classical identities for 
T(a). 


Proposition 4.2.1. The gamma function satisfies 
T'(a+1)=aT(a). (4.2.8) 
Proof. Differentiate (4.2.1) with respect to yw to produce 
0=e0-* f: tole Ht dt — p* 7 fa dt. (4.2.9) 
0 0 
Now put y = 1 to obtain the result. Oo 
Differentiating (4.1.1) with respect to the parameter a yields 
as ee ie a°—te* Ing da. (4.2.10) 
0 
Further differentiation introduces higher powers of In: 
Pr (a) = [ g*te* (Inz)” dz. (4.2.11) 
0 
In particular, for a = 1, we obtain: 
[ (In x)” e~* dx =T™ (1). (4.2.12) 
0 
The special case n = 1 yields 
[ e-* Ina dx =I" (1). (4.2.13) 
0 


The reader will find in [22], page 176, an elementary proof that I’(1) = —7, 
where 


. 1 
y= jim Yo — Inn (4.2.14) 


is Euler’s constant. This is one of the fundamental numbers of Analysis. 
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On the other hand, differentiating (4.2.1) produces 


[ x? te-#® (Ina)” dx = (2) [u-*E(a)] , (4.2.15) 


that appears as 4.358.5 in [40]. Using Leibnitz’s differentiation formula we 
obtain 


| a*—te~#* (Ina)” da = p* So(-1 
0 


(;) (Iny)*r-*)(a). (4.2.16) 
k=0 


In the special case a = 1 we obtain 


n 


a 1 
/ e (Ina)” de = —S°(-1)' @ (np) Pe) (41), (4.2.17) 
9 P i=0 us 
The cases n = 1, 2, 3 appear as 4.331.1, 4.335.1 and 4.335.3 respectively. 
In order to obtain analytic expressions for the terms I'")(1), it is conve- 
nient to introduce the polygamma function 


d 
W(a«) = a InT (a). (4.2.18) 
The derivatives of w satisfy 
p) (a) = (-1)"""nl C(n + 1,2), (4.2.19) 
where 
ae 
Zq= —> 4.2.20 
d= a (4.2.20) 
is the Hurwitz zeta function. In particular this gives 
w™(1) = (-1)"t nl C(n + 1). (4.2.21) 
The values of P”)(1) can now be computed by recurrence via 
reo =O jem 1)y-*) (1), (4.2.22) 
k=0 


Using (4.2.19) the reader will be able to check the first few cases of (4.2.15), 
with the notation 6 = v(a) —Inp: 


(a) 


a? eH" In ads = — {5° + ¢(2,a)}, 
0) LM 
i ate adr = we {5° + 3¢(2, a)6 — 2¢(3,a)}, 
0 
= a—l e He _ T(a) A 2 
r Intadx = rr {5* + 6¢(2, a)6? — 8¢(3, a)d+ 
) 


+3¢7(2,a) + 6¢(4, a)} : 
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These appear as 4.358.2, 4.358.3 and 4.358.4, respectively. Mathematica 
evaluates these entries in terms of polylogarithms. 


4.3. Elementary changes of variables 


The use of appropriate changes of variables yields, from the basic definition 
(4.1.1), the evaluation of more complicated definite integrals. For example, let 
x =t? to obtain, with c = ab—1, 


ad 1 1 
| t°exp(—t?) dt = <P (= ) (4.3.1) 
The special case a = 1/b, that is c = 0, is 
oe 1 1 
7 exp(—t°) dt = <I (=) ; (4.3.2) 
0 b \b 
that appears as 3.326.1 in [40]. The special case b = 2 is the normal integral 
(4.1.4). 
We can now introduce an extra parameter via t = s!/°x. This produces 
me T 
‘s a™exp(—szx”) dx = (2) ’ (4.3.3) 
0 s@b 
with m = ab — 1. This formula appears (at least) three times in [40]: 


3.326.2,3.462.9 and 3.478.1. Moreover, the case s = 1,c = (m+4+1/2)n—-1 


and b = n appears as 3.473: 

“ mete \n= 2m — 1)!! 
| catia +3) ‘dx = Clee (4.3.4) 
0 


27 n 


The form given here can be established using (4.1.6). 


Differentiating (4.3.3) with respect to the parameter m (keeping in mind 
that a = (m+ 1)/b), yields 


at ; Tr 
| ce’ Inadu = @) [w(a) — Ins]. (4.3.5) 
0 b? s@ 
In particular, if b = 1 we obtain 
= T 1 
/ xe ** Inadr = rm [W(m+1)—Ins]. (4.3.6) 
0 
The case m = 0 and b = 2 gives 
i e™ Inadz = re (y+ In4s), (4.3.7) 
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where we have used (1/2) = —y — 21n2. This appears as 4.333 in [40]. 


An interesting example is b = m = 2. Using the values 


T (2) = Va/2 and » (3) = 2-22-47 (4.3.8) 
the expression (4.3.5) yields 
ed hemes Oia - 4 (4.3.9) 
; =. s/o: 3. 


The values of ~ at half-integers follow directly from (4.1.5). Formula (4.3.9) 
appears as 4.355.1 in [40]. Using (4.3.5) it is easy to verify 


n—1)! 


| (ya? — n)x2"—le- He Inadx = ( ae (4.3.10) 
0 


and 


2n—1)! [a 
Qua? —2n-1 ae—#™" Inge dx = cia -, 4.3.11 
[em sate wan 


for n € N. These appear as, respectively, 4.355.3 and 4.355.4 in [40]. The 
term (2n — 1)!! is the semi-factorial defined by 


(2n — 1)!! = (2n — 1)(2n — 3) ---5- 3-1. (4.3.12) 
Finally, formula 4.369.1 in [40] 


T(a) Ing 


4.3.13 
2 ( ) 


i. *te-#* [b(a) — Ing] dz = 
0 


can be established by the methods developed here. The more ambitious reader 
will check that 


i ate #* {Ina — $y(n))? — $v"(n)} dx = 


This is 4.369.2 in [40]. 
We can also write (4.3.5) in the exponential scale to obtain 
~ I'(m/b) m 
mt bt = 
i. te” exp (—se”) dt = amie (v (=) —In s) ; (4.3.14) 


The special case b = m = 1 produces 


/ te’ exp (—se’) dt = Am Games) (4.3.15) 
s 


—co 
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that appears as 3.481.1. The second special case, appearing as 3.481.2, is 
b= 2, m=1, that yields 


ee In4 
/ te’ exp (—se™) dt = eae (4.3.16) 
This uses the value w(1/2) = —(y + 21n2). 


There are many other possible changes of variables that lead to interesting 
evaluations. We conclude this section with one more: let x = e’ to convert 
(4.1.1) into 


ye exp (—e”) e*” dx =T(a). (4.3.17) 


—oco 


This is 3.328 in [40]. 


As usual one should not prejudge the difficulty of a problem: the example 
3.471.3 states that 


| a#l(q — 2)#-1e-4/* dx = B-Ha"—'T(p) exp (-2) . (4.3.18) 
0 


This can be reduced to the basic formula for the gamma function. Indeed, the 
change of variables t = 3/2 produces 


I= Bat 7. (t — B/a)"—* e* dt. (4.3.19) 
B/a 


Now let y = t—{/a to complete the evaluation. The table [40] writes u instead 
of a: it seems to be a bad idea to have yz and u in the same formula, it leads 
to typographical errors that should be avoided. 


Another simple change of variables gives the evaluation of 3.324.2: 


pate b/* gp Mie f A 4.3.2 
i e€ dx ne lan}: (4.3.20) 
The symmetry yields 
f= 2 | eo (e—b/2)™ gy, (4.3.21) 
0 
The change of variables t = b/x yields, using b > 0, 
as n dt 
fe 2» | Zoe - (4.3.22) 
0 


The average of these forms produces 


i=} e-@-b/a)” (1+ =) da. (4.3.23) 
0 av 
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Finally, the change of variables u = x — b/x gives the result. Indeed, let 
u = x — b/x and observe that wu is increasing when b > 0. This restriction is 
missing in the table. Then we get 


ee 2n 
i) ew" du. (4.3.24) 
0 


This can now be evaluated via v = u2”. 


Note. In the case b < 0 the change of variables u = x — b/x has an inverse 
with two branches, splitting at « = /—b. Then we write 


Io: 2 | eW (2b/2)"" dep (4.3.25) 
0 


v-b oo 
= 2 | en (e—b/2)”” dep + 2 | en (e—b/2) dap, 
0 V—b 


The change of variables u = x — b/x is now used in each of the integrals to 
produce 
uexp(—u?”") du 


I= 2 | ——————_. 4.3.26 
2/6 4 Vur+4b 
The change of variables z = Vu? + 46 yields 
i= 2 | exp (—(z? — 4b)”). (4.3.27) 
0 


We are unable to simplify it any further. 


4.4 The logarithmic scale 


Euler prefered the version 


T(a) = | (1 a du. (4.4.1) 


[(a) = | (—Inu)*' du, (4.4.2) 


for better spacing. Many of the evaluations in [40] are special cases of this 
formula. Section 4.215 in [40] consists of four examples: the first one, 4.215.1 
is (4.4.1) itself. The second one, labeled 4.215.2 and written as 


We will write this as 


1 dx 7 
——, = =——~<cosec pT, 4.4.3 
[ (—Inz)" T(u) an 
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is evaluated as (1 — ys) by (4.4.1). The identity 


Tw) — #) = — (4.4.4) 


sin TL 


yields the given form. The reader will find in [22] a proof of this identity. The 
section concludes with the special values 


1 Jr 
| V—-Ingdz = 3 (4.4.5) 
0 
as 4.215.3 and 4.215.4: ‘ 
dx 
= VT. 4.4.6 
0 V— Ina ve ( ) 


Both of them are special cases of (4.4.1). 


The reader should check the evaluations 4.269.3: 


1 
1 
a?) ./—Ine dz = — (4.4.7) 
0 2\ p 
and 4.269.4: : ‘ 
xP~* dx T 
=,/— 4.4.8 
| V—Inz p ( ) 
by reducing them to (4.2.1). Also 4.272.5, 4.272.6 and 4.272.7 
- p ax 
(In x) 27 T(1+p), (4.4.9) 
1 
: 1 
| (—Inz)“"' ¢’-!de = —T(w), 
0 ue 
1 
2n—1)! far 
—Inzv)" 2 2’ $dr = ( = 
- ( nx) x Mw (2v)” yp’ 


can be evaluated directly in terms of the gamma function. 


Differentiating (4.4.1) with respect to a yields 4.229.4 in [40]: 


1 
/ In(—Inz) (—Inzx)*' dx =T"(a) = (a) (a), (4.4.10) 
0 
with w(a) defined in (4.2.18). The special case a = 1 is 4.229.1: 
1 
| In (— Ina) dx = —7, (4.4.11) 
0 
and 
p> ae (y+2In2)Vm (4.4.12) 
n(—Ing =— n2)/7, A. 
0 AY Ina : 
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that appears as 4.229.3, is obtained by using the values T (5) = /7m and 
w (3) =-(y + 2n2). 


The same type of arguments confirms 4.325.11 


: ah! de T 
| In(— Ina) ae =—-(y+ Indy |= (4.4.13) 
and 4.325.12: 
1 
| In(—Inz) (—Inz)“* 2”-1 da = —T(u) [w(u) — Inv]. (4.4.14) 
0 


In particular, when pz = 1 we obtain 4.325.8: 


1 
1 
| In(—Inz) 2’! dx = ——(y+ Inv). (4.4.15) 
0 Vv 


4.5 The presence of fake parameters 


There are many formulas in [40] that contain parameters. For example, 
3.461.2 states that 


oo _— yl 
| oMe—P™ da = cle DL a (4.5.1) 
0 2(2p)” VY p 
and 3.461.3 states that 
oo 
‘ g2rtle—P2” dy — ae (4.5.2) 
0 


The change of variables t = px? eliminates the fake parameter p and reduces 

3.461.2 to Dn 

oa 1 — 1)! 
| t”-2e-* dt = Cn i (4.5.3) 

0 
and 3.461.3 to _ 
| te dt =n. (4.5.4) 
0 


These are now evaluated by identifying them with ['(n + 4) and I(n + 1), 
respectively. 


A second way to introduce fake parameters is to shift the integral (4.2.1) 
via s =t+ to produce 


/ (s — b)*e—** ds = p-? 1e-T(a + 1). (4.5.5) 
b 


This appears as 3.382.2 in [40]. 
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Note. The entries 3.478.2 (in (4.2.7)), 4.358.5 (in (4.2.15)), 3.324.2 (in 
(4.3.20)), 4.229.4 (in (4.4.10)), and the last four entries in Section 4.4 


(these are 4.229.3, 4.325.11, 4.325.12, 4.325.8) cannot be evaluated using 
Mathematica. 
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Some trigonometric integrals 
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5.1 Introduction 
The table of integrals [40] contains a large variety of evaluations of the 
type 
b 
I -| A(x) R(sin x, cos x) dx (5.1.1) 
where A is an algebraic function, R is rational and —oo < a < b < co. We 
present a systematic discussion of two families of integrals of this type. This 
paper is part of a general program started in [63, 64, 65, 66] intended to 


provide proofs and context to the formulas in [40]. 
The first class considered here corresponds to the complete integrals 


n/2 
c(n, p) =| x? cos” x dx, (5.1.2) 
) 


and i 
s(n, p) := | x? sin” x daz, (5.1.3) 
0 


where n, p € N. In section 5.2 we present closed-form expressions for these 
integrals. These expressions involve the sums 


1 
Tike Re? (5.1.4) 
1<ki Sko<--<kj<n 1"? j 
that are closely related to the multiple zeta values 
ae ' 1 
C(t1, t2,.--,%s) = S- ala aa (5.1.5) 


41 7,1 Te 
0<ki<ko<--<ks ky ky kg 
The reader will find in Section 3.4 of [24] an introduction to these sums. 


37 
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In general, one does not expect such elementary evaluations to extend to 
p &N. For example, the change of variables x = 7t?/2 produces 


m/2 i mt? 
| a? cosa dx = vin | cos (=) dt. (5.1.6) 
0 0 


The latter integral is evaluated in terms of the cosine Fresnel function 


* at? 
FresnelC{a] := | cos % dt, (5.1.7) 
0 


which indeed is not an elementary function. 
The second class considered here presents generalizations of the formula 
3.822.2 in [40] stated as 


oe a = m3) In+1 1 
——, neN. (5.18 
‘ d. a6 +k+ :) J2k+1 : ( ) 


The integral in (5.1.8) can be transformed via t = x? to provide the evaluation 
of 


| cos?" +1 4? de, (5.1.9) 
0 


that is given as the case p = 2 in Theorem 5.3.1. 
Section 5.3 contains analytic expressions for the generalizations 


G,(p,6)3= 7 a? cos?"*! (x + b) dz, (5.1.10) 
0 


and oe 
Sin(p, b) = | x? sin?"+1 (¢ + b) daz. (5.1.11) 
0 


The last section also contains some evaluations obtained by differentiation 
with respect to parameters. An illustrative example is 


[ | “eet ae cos(x + y) dx dy = (y + 2log2)r?, (5.1.12) 


that is equivalent to 


co co 1 
| - log x logy cos(x? + y”) dx dy = 1 + 2log2)r?. (5.1.13) 
0 Jo 


A generalization of this evaluation appears as Example 5.3. 

The method described in the present work gives impetus to a class of inte- 
grals that are closely related to the particular integral computations addressed 
in this paper. 
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5.2 The first example 


In this section we present the evaluation in closed-form of the definite 
integrals 


n/2 
c(n, p) =| x? cos” « dx. (5.2.1) 
) 


A reduction formula for this integral appears as entry 3.822.1 in [40]. This is 
established next. 


Theorem 5.2.1. The integral c(n, p) satisfies the recurrence 


c(n,p) = - ™ Fath —2,p)—- PP Den, — 2), (5.2.2) 


forn > 2, p> 2. 


Proof. The identity cos? 2 = 1 — sin? x yields 


where 
m/2 
I(n,p) = | x” cos”? x sin? x dz. 
0 
Now 
n/2 d 1 
T — Pat x — = n-1 d 
(n,p) | x sin £ ae ( ae cos r) xv 
1 n/2 ‘ 7 
= | (a? cosa + px?" sina) cos”~* «dx 
—1 Jo 
m/2 
= o(n,p) + z | x? sine cos”! x dz. 
n—-1 n—-1 Jo 
Moreover 
m/2 n/2 d 1 
| w?—'sinacos” !adx = | get (-+ cos” c) dx 
0 0 dx n 


p-1 
= — 2). 
7 c(n, p ) 


O 


Strategy: According to (5.2.2), the integral c(n, p) can be evaluated in terms 
of the initial values given in the table. The indices m and q have the same 
parity as n and p respectively and range over 0 <m<nandO<q<p. 
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n modulo 2] p modulo 2 | initial conditions 


We now evaluate the initial conditions c(n, 0), c(n, 1), c(0,p) and c(1,p). 


The expression for c(0,p). 
The computation of the identity 


1 T\ etl 
= — |= 5.2.4 
(0.7) = 5 (5) (5.2.4) 
is immediate. 


The expression for c(n,0). 
This is classical. The result appears as 3.621.3 and 3.621.4 in [40]. 


Theorem 5.2.2. (Wallis’ formula and companion). Let n € No. Then 


T 2n 
c(2n,0) = Ferme ( 7 ), (5.2.5) 
and 
g2n 
c(2n + 1,0) = (5.2.6) 


(2n+1)(7") 


The shortest proof of Theorem 5.2.2 employs the representation 


(5.2.7) 


n/2 1 1 
c(n, 0) =|} cos" ¢ dz = 2"-'B (5 = ) , 
0 


2° 9 
that appears as 3.621.1 in [40]. Here B is the Euler’s beta function defined 
by the integral 
1 
B(az,y) = | mgs One) ae 1 (5.2.8) 
0 


The expression (5.2.7) follows from the change of variables t = cosu. To 
express (5.2.5) and (5.2.6), in terms of the beta function, employ the standard 


relation P(x) Pw) 
T)LY 
B = 5.2.9 
eu) = pee (5.2.9) 
and the special values 
! 
I(n) = (n—1)! and ['(n+ 4) = vem (5.2.10) 


227 n! 
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that are valid for n € N. 


The identity in Theorem 5.2.2, in the case n is even, that is, 


n 


n/2 9 
_ Qn _ T mT 
c(2n, 0) = | Cos 6dé = ral i (5.2.11) 


is Wallis’s formula and sometimes found in calculus books (see e.g. [53], page 
492). To prove it, first write cos? @ = 1 — sin? @ and use integration by parts 
to obtain the recursion 


on—-1 
c(2n,0) = = e(2n — 2,0). (5.2.12) 
nr 


Then verify that the right side of (5.2.11) satisfies the same recurrence together 
with the initial value 7/2 for n = 0. 

We now present a new proof of Wallis’s formula (5.2.11) in the context of 
rational integrals. Extensions of the ideas in this proof have produced rational 
Landen transformations. The reader will find in [19, 21, 49, 57, 58) details on 
these transformations. 

Start with 


n/2 n/2 1 ) n 
c(2n,0) = | cos?” 6 d0 = i: (=) dO. 
0 0 


Now introduce w = 26 and expand and simplify the result by observing that 
the odd powers of cosine integrate to zero. The inductive proof of (5.2.11) 
requires 


[n/2) 7 
c(2n,0) = 2” 5° (3, eo). (5.2.13) 
1=0 


Note that c(2n,0) is uniquely determined by (5.2.13) along with the initial 
value c(0,0) = 7/2. Thus (5.2.11) now follows from the identity 


f(n):= a) (7) = mee (5.2.14) 


We now provide a mechanical proof of (5.2.14) using the theory developed 
by Wilf and Zeilberger, which is explained in [69, 72]; the sum in (5.2.14) is 
the example used in [72] (page 113) to illustrate their method. The command 


ct(binomial(n, 27) binomial(2i, i)2~”", 1, i,n, N) 


produces 


f(n+1) = f(n), (5.2.15) 
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and one checks that 2~"(*") satisfies this recursion. Note that (5.2.12) and 
(5.2.15) are equivalent under 


T 
The proof is complete. 
Closed form expression for c(1,p). 
We now consider the evaluation of 
m/2 
c(1,p) := i x? cos x dx. (5.2.16) 
0 


The following evaluation appears as 3.761.11 in [40]. 


Theorem 5.2.3. Let p © N and doaap be Kronecker’s delta function at the 
odd integers. Then 


fp 


e(1,p) = Yoo GC) — (-1)** 5 caa,p p! (5.2.17) 
k=0 . 


where & = |§]. 
Proof. Both sides of the equation (5.2.17) satisfy the initial value problem 
nw — 2 


T\P 
Up — P(p — 1)Up—-2 = (5) and up = 1, wi = (5.2.18) 


Actually the recurrence (5.2.18) is obtained using integration by parts in 
(5.2.16). Iterating this recurrence yields the right hand side of (5.2.17). O 


Note 5.2.1. The result in Theorem 5.2.8 can be expressed in terms of the 
Taylor polynomial for cos x: 


&p k 
—1 
fp(z) = (—1)*ep! | -1+ 2 oe (5.2.19) 
=0 
The formula (5.2.17) can be restated 


e(1, p) = oo es (5.2.20) 


fp(m/2), for p even. 


Note. Mathematica evaluates the integral c(1,p) in terms of a hypergeometric 
function: 


ie 1 T\Prl pit T 
2? cosa dx = —— (5) 7 ee (5.2.21) 
| pt+1\2 4,4] 16 


Closed form expression for c(n,1): in fact, this would be the last initial 
condition we require to execute the startegy outlined at the beginning of this 
section. 
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Theorem 5.2.4. The integral c(n,1) satisfies the recurrence 


-—1 1 
c(n,1) = ——c(n-2,1)- 5. (5.2.22) 
nr n 
Proof. The identity cos? x = 1 — sin? x yields 
c(n, 1) = c(n — 2,1) — J, (5.2.23) 
where 
n/2 
J= | x sin? x cos”? x da. (5.2.24) 
0 
Integration by parts leads to 
1 n/2 
J= | (sina + acosx)cos”~! x dz. (5.2.25) 
n—1 Jo 
This produces (5.2.22). O 


The solution of (5.2.22) yields a closed-form formula for c(n, 1). 


Theorem 5.2.5. The integral c(n,1) is given according to the parity of n, by 
Qn 2 n 2k 
2 
e(2n, 1) = 7) (= -5 (5.2.26) 


for even indices. For odd indices, we have 


_ 92n a n ea 
c(2n+1,1)= Onan) € Smt). (5.2.27) 


To establish this result we solve a more general recurrence than (5.2.22). 


Lemma 5.2.1. Let an, by and rp, be sequences with an, bn #0. Assume that 
Zn, satisfies 
AnZn = bn2Zm_1t+Tn,n>1 (5.2.28) 


with initial condition zo. Then 


by be -- a ,a2° 
Zo te (2043 fe 2 are ee sett, ; (5.2.29) 


a1aQ° 


Proof. Introduce the integrating factor d,, with the property that dnb, = 
dn—1@n—1. The recurrence (5.2.28) becomes 


Dy — Dn-i — AnTn, (5.2.30) 
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where D,, = dndnZn. Therefore, by telescoping, 


Dn =Do +> _ dere, (5.2.31) 
k=1 


with Do = doagzo. To find the integrating factor, observe that 


— = a (5.2.32) 
Thus a rece ae ; 
ia (5.2.33) 
Replacing in (5.2.31) yields (5.2.29). O 
Corollary 5.2.1. Letn EN and assume that zp, satisfies 
Qnzn = (2n—1)zn-1t1n, n> 1, (5.2.34) 
with the initial condition z. Let A; = 274 ee then 
a = (« + 9 ‘gt | (5.2.35) 
k=1 
Proof. Use ay, = 2n and b,, = 2n — 1 in Lemma 5.2.1. Oo 


We now apply Lemma 5.2.1 on the recurrence (5.2.22), repeated here for 
convenience to the reader, 


n-1 1 


c(n, 1) = c(n — 2,1) — =e 


Observe that this recurrence splits naturally into even and odd branches. The 
value of c(2n, 1) is determined completely by c(0, 1), and c(2n+1, 1) by c(1, 1). 
Hence, there is no computational interaction between c(2n, 1) and c(2n+1, 1). 
Let %, = c(2n,1) so that 2, satisfies 


1 
2nvy = (2n — 1)ayn-1 — —, (5.2.36) 
4n 
with the initial condition 
- 
xo = c(0,1) = e" (5.2.37) 
Similarly, yn, = c(2n + 1,1), the odd component of c(n, 1), satisfies 
(20+ 1), = 2 : (5.2.38) 
n Yn = 2NYn-1 nel 2: 
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and the initial condition 
ai 5 = (5.2.39) 


The expressions for z,, in Lemma 5.2.1 yield the formulas for c(2n, 1) and 
also c(2n + 1,1) in Theorem 5.2.5. The proof is complete. 


Note 5.2.2. The finite sums in (5.2.26) and (5.2.27) do not have closed-form, 
but it is a classical result that, in the limit, 


co 92k ar 
se (5.2.40) 
UL Be 3 
and 2 °) 
k Tv 
ae Se (5.2.41) 
“~~ PRQK+1) 2 


Note 5.2.3. Formula 3.821.3 in [40] gives formulas equivalent to (5.2.26) 
and (5.2.27), respectively. 


Finally, we conclude this section by presenting a closed-form expression 
for the integral c(n,p), for arbitrary n, p € N. The recurrence (5.2.2), in the 
case of even indices n, becomes 


p(p — 1) 


2nXy(p) = (2n — 1)Xy-1(p) — om 


Xn(p— 2) (5.2.42) 


where X,,(p) = c(2n, p). The initial value 


1 


ee pr 
Ce paeH” (5.2.43) 


Xo(p) = 


given in (5.2.4) and the recurrence (5.2.42) show the existence of rational 
numbers @n,p,p+1—2; such that 


&p 


Xn(p) = SF anpp1—2gnP 4, (5.2.44) 
j=O0 


with € = [4]. The recurrence (5.2.42) is now expanded as 


(5.2.45) 
Ep &p 
> Goa OF = CRAY Guan 
j=0 j=0 
= p(p — 1) = _p—-1-25 
In rar Qn ,p—2,p—1—257 : 
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The fact that the coefficients an»; € Q allows us to match the correspond- 
ing powers of 7 in (5.2.45). The highest order term is 7?*1. Only two of the 
sums contain this power, therefore 


2NAn,p,p+1 = (2n — 1)@n—1,p,p+1- (5.2.46) 


The initial condition 1 


Q0,p,pt1 = @+ bn Fart (5.2.47) 


comes from (5.2.43). The solution to the initial value problem (5.2.46, 5.2.47) 
is then found using Corollary 5.2.1 (here r, = 0), namely that 


Ga 


An,p,p+1 = @+ 2H (5.2.48) 


The coefficient of the next highest power 7?~1, in (5.2.45), yields the re- 
currence 


= 
OD ote (5.2.49) 


2NAn,pp—1 = (2n — 1)@n—1,p,p—1 — ae 


Observe that the last term in this relation is given by (5.2.48). Moreover, 
(5.2.43) shows that ao,),»—-1 = 0. The solution to (5.2.49), following Corollary 
5.2.1, is 


4 =, Pla) y a (5.2.50) 
n,p,p—1 — Q2n+p+1 ke ‘ 2. 
ky=1 


The next power of 7 in (5.2.45) produces 


n 


p(p — 1)(p— 2) (2n 1 
2NAn p,p—3 = (2n _ 1 ere ee + ~Q2n+P i" »» ke (5.2.51) 
yl 


with ao,p,»—3 = 0. One more use of Corollary 5.2.1 yields 


ea p! n ko 1 
On,p,p—3 = Prtpt! (p—3)I S- x Pee (5.2.52) 


This procedure can be repeated until all descending powers of 7 have been 
exhausted, hence a complete closed form for the integrals c(n, p) will be made 
possible. 


Theorem 5.2.6. Let n,p € N and let & = |%|. Then the even branches 
Xn(p) = c(2n, p) of the integral 


m/2 
c(n, p) = | x? cos” x dx (5.2.53) 
0 
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are given by 


p 
AnD) = > dappeayn? + Oona Oh, gs (5.2.54) 
j=0 


and the value of dn »,»+1~-2; for p> 2 and0 <j < & is given by 
(2 
(-1)9 2p 


On,p,pt+1—25 = Son+ph1 (>. “ 2p2 2? 
acer pp hag) 1<ki<ko<-<kj<n Bikar 


and 
k : 
i, ee 1 24 
i= = S- oo 7 (5.2.55) 
= 1<kiSko<-<kp<n ta Re PG) 
Similarly, for the odd branches Y (n, p) = c(2n+1,p) we have 
p 
Ya(p) = > bnpp—aj0” + Soaap + Of ps (5.2.56) 
j=0 
with 
1 
2 2... (9k. 2? 
neta <kee ckyen ht + I)? (Bka +1)? (2; +1) 
and 


* = (—1)’» p! oe" 
"FDC 
1 = iG) 


eee eee, (2k, + 1)?(2k2 +1)2--+ (Qkp + 1)? y 2?5(27 + 1) 


5.3 Some examples on the halfline 


In this section we provide an analytic expression for 


Cn(p, b) = | xz? cos*"*1 (@ + b) da, (5.3.1) 
0 
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and - 
Sn(p, b) = F: az? sin?” *1 (x + b) dex. (5.3.2) 
0 


In the table [40] the evaluation of the special case p = 5 and b = 0: 


2 “— = aal5D Qn+1 1 
5.3.3 
0 d ie +kh+ Jas J2k+1 ( ) 


ila Ff Dak 7 1 
ec See ae Ft 1y( ad <= (5.3.4) 
. n+k+1/)./9e+1 


as 3.822.2 and 3.821.14. 
Theorem 5.3.1. Let0<p<1andneé No :=NU {0}. Then 


and 


[ —p 2n+1 d ri — p) : (=) 3 eas (5 3 5) 
xv COs 60> SS SID. a +o. 
0 2an 274 Qh lye 
and 
Re te: Tl—p)  (™\< ee) 
P gin?" *1 oo de = Ra mes —1)F¥ reeks 5 
i x ? sin xdx pan 008 ( 5 ) »| ) (Ok +1)? (5.3.6) 


Proof. The identity 2 cosx = e’” + e~** and the binomial theorem yield 


loc) 
| x? cos"’* adr = 
0 


g-2n-1 s- ‘et ‘) [ iP (one ae genre) dx. (5.3.7) 
k=0 2 


Recall the Heaviside step function defined by H(x) = 1, ifx > 0 and H(x) =0 
otherwise. Then, each of the integrals in (5.3.7) is evaluated using the Fourier 
transform 


ie H(a)x-?e~* dx i> Fe — p)sign(w)/2). (5.3.8) 


Ju|*-P 
oO 
Corollary 5.3.1. Let p> 1 be real andn € No. Then 
0° 1 pt+1 rT n Cc) 
2n4+1 ..p pase, mak 
| cos x? dx = gmt (= ) cos (=) » Ok + hie’ (5.3.9) 
and 
aa 1 p+l1 ae eae 
in?"+1 oP de = —T ( —— | sin ( — —1)P_2-* _. (5.3.10 
| sin x? da = ( . ) sin (=) (-1) Ok +i ( ) 
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Proof. The change of variables 2 + !/(—?) in the results of Theorem 5.3.1 
gives the result. O 


The last result described here is a further generalization of Theorem 5.3.1. 


Theorem 5.3.2. Assume b€ R,0O<p<1andneéENo. Define 


Cn(p, b) = iy a? cos?” +1 (a + b) da (5.3.11) 
0 
and - 
Sy,(p,b) = | ag? sin?" +1 (x + b) da. (5.3.12) 
0 
Then 
— Td =p) GS (2n41)\ sin( — (2k + 1)b) 
Cr(p, b) = ee (Qk+DhP (5.3.13) 
and 
“ 2n +1\ cos( — (2k + 1)b) 
Sn(p,b) = oe en ee (5.3.14) 


Proof. Denote the left-hand side of (5.3.13) and (5.3.14) by f,(b) and gn(b) 
respectively. Differentiation with respect to the parameter b yields 


Ogn : 7 n—1 j ns | 
ae MODI = One) LD ("\ 50 

(5.3.15) 
OF + (-1)"@n4 1m = Ont) O-1y(")ai0) 


j=0 


Considering b and p fixed, we now show that the right-hand side of (5.3.13) 
and (5.3.14) satisfy the system (5.3.15) with the same initial conditions. This 
will establish the result. 

In the case of the right-hand side of (5.3.13), it is required to check the 


identity 
9-2n y(-F & + ') sin(Fp — = 1)b) Z 
ar n—k (2k +1)!-P 


” 27 +1) sin(Sp — (2k + 1)d) 
D) 1 —2j ees ES Sol ee 
Gn+D CY) ¥(G) enn 74 DP? 
To verify this we compare the coefficients of the transcendental terms 


sin(Sp — (2k + 1)b) 
(2k +1)!-P 
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It turns out that this question is equivalent to validating the identity 
pe f e+ I = 2j+1 
—1)*2-*" 2k+1) = (2n+1) 12-4 . (5.3.16 
cotem (aren <erensewren(s) (04) aan 


To this end, we employ the WZ-technology as explained in [72]. This method 
produces the recurrence 


An+k+1)\(n+1—k)u(n+1—k)—(n+1)(2n+3)u(n,k) =0. (5.3.17) 
To prove (5.3.16) simply check that both sides of (5.3.16) satisfy the recurrence 


(5.3.17) as well as the initial condition u(0,0) = 1 
The identities 


[ z ?cos(x+b)dx = -—I(1—p)sin(b— ©) (5.3.18) 
0 


| x Psin(a+b)dx = T(1—p)cos(b— &), 
0 
which are special cases of 


| a cos(ax+b)dx = —a?'T(1—p)sin(b— 2) (5.3.19) 
0 


| gz ?sin(az+b)dz = a?—'T(1—p)cos(b— 2), 
0 


show that the corresponding initial values in (5.3.13) (respectively 5.3.14) 
match. The evaluations (5.3.19) appear as 3.764.1 and 3.764.2 in [40]. To 
establish (5.3.18) expand cos(« + b) as coszcosb— sina sinb, use the change 
of variables x +> x?, and Theorem 5.3.1. O 


We now discuss some definite integrals that follow from Theorem 5.3.2. 


Example 5.1. Differentiating (5.3.13) with respect to p and setting p = 4 
and b = 0 gives, after the change of variables x > 2?, 


(5.3.20) 
oo =f Sse 1 
logz cos?" 4? dx = VE m+ 27+ 4log2 ( las 
| g _ 7 + 4log py n—k) ESS 
Bee + 2 log(2k + 1) 
a ‘Ak +2 2 


where we have used the value I’(1/2) = —\/7(7 + 2 log 2). 


© 2015 by Taylor & Francis Group, LLC 


Some trigonometric integrals 51 


Example 5.2. Assume 0 < p, g < 1. Multiplying (5.3.13) by 6? and inte- 
grating over the half-line yields (after replacing b by y) 


r [ cos +H) a —I'(1 — p)P'(1 — q) cos Gan 


xPy4 
3S Qn+1\ (2k +1)P+9-? 
n—k gen , 
k=0 


x 


In particular, for n = 0, 


i [ cos(x + y) OSE TH GA = (1 — p\T'(1 — g) cos (“ae ) 2 (5.3.21) 


xPyd 
The derivative sn at p = q = 4 produces the evaluation 
oP] l 
y- | a eee cos(a + y) de dy = (y + 2log2)n? (5.3.22) 


that we promised in the Introduction. 


Example 5.3. Iterating the method described in the previous example yields 


~ —1)Anqr/2 (Rev, if ni 
[.,(osot?) Toes, av = Yo | en ifn is eve 
R” 


nm ca 2 Imw, if n is odd, 
with 
1 ° n : 
An = mn is ue Un = (. + 2log2+ =) ernst, (5.3.23) 
Here ||x||? = 27 + --- +a? and ¥ is Euler’s constant. For instance, for n = 3 
we have 


| | | log x log y log z cos(a? + y? + 2”) dx dy dz 
0 Jo 


73/2 


= serra as + 12¢7 7 + 6&2" — 7°), 
where € = 7 + 2log2. 


Note. Entry 3.822.2 in (5.1.8) and 3.821.14 in (5.3.4) are the only entries 
in this chapter that cannot be evaluated by Mathematica. 
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The beta function 
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6.6 Maliocd gine PALAmIetelS | csaccivasinnatercewsasieneereenra winds 62 
uy Tee Pe pOmeniial SGA 65s os ay edindetWaksueedobegeveneeeesanges 66 
6.8 Dome loparithmic etsmiples: sicssipeciosiicasedarbeaeneeessads ces 67 
6.9 Examples with a fake parartieter icc acccdescccnaene canwaen venus 68 
6.10 Another type of logarithmic integral ................. cee eee ee eee 69 
6.11 A hyperbolic looking integral ....5 ccc cise cesesieoesu des nans vasa 69 


6.1 Introduction 


The table of integrals [40] contains some evaluations that can be derived 
by elementary means from the beta function, defined by 


B(a,b) = [ z®*(1 — 2)?" da. (6.1.1) 


The convergence of the integral in (6.1.1) requires a, b > 0. This definition 
appears as 3.191.3 in [40]. 

Our goal is to present in a systematic manner, the evaluations appearing in 
the classical table of Gradshteyn and Ryzhik [40], that involve this function. In 
this part, we restrict to algebraic integrands leaving the trigonometric forms 
for a future publication. This paper complements [66] that dealt with the 
gamma function defined by 


T(a) := [ nee at, (6.1.2) 


These functions are related by the functional equation 


T(a)I(b) 


B(a,b) = Teen 


(6.1.3) 


53 
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A proof of this identity can be found in [22]. 
The special values ['(n) = (n — 1)! and 


7 Jim (2n)! 
for n € N, will be used to simplify the values of the integrals presented here. 
Proofs of these formulas can be found in [66] as well as in Proposition 6.2.1 
below. 

The other property that will be employed frequently is 


T(a)P(1—a) = — 


sin7a 


(6.1.5) 


The reader will find in [22] a proof based on the product representation of 
these functions. A challenging problem is to produce a proof that only employs 
changes of variables. 

The table [40] contains some direct values: 


1 Pd 
| ee (6.1.6) 
9 (l—2)? — sinpr 

is 3.192.1 and is evaluated by identifying it as B(p+1, 1—p). Formula 3.192.2 

states that ‘ 

Pd 
| ge (6.1.7) 
9 (L—a)Ptt sin pt 


The integral is directly evaluated as B(p + 1,—p) =I'(p+ 1)I'(—p). and then 
simplified to produce the result. Next, 3.192.3 is 


1 
(Oe a T 


and the change of variables t = 1/x in 3.192.4 produces 


co 1 
/ (a — p12. = | meme es Ve sae, (6.1.9) 
1 


7 0 
and this is 
B(g-v.$+n) =P (b-) P+) =o, (6.1.10) 
as stated in [AO]. 
Let 6 = § in (6.1.1) to obtain 
aia r 
ih ee ee (6.1.11) 
0 OV 1-2 T (a + 5) 


The special values a= n+1anda=n+ 4 appear as 3.226.1 and 3.226.2, 
respectively. 
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6.2. Elementary properties 


Many of the properties of the beta function can be established by simple 
changes of variables. For example, letting y = 1 — «x in (6.1.1) yields the 
symmetry 

B(a,b) = B(b, a). (6.2.1) 


It should not be surprising that a clever change of variables might lead to 
a beautiful result. This is illustrated following Serret [75]. Start with 


Baa) = [oe — 22)" de 
a [3 = (f= 2)?]"" ae 


The natural change of variables v = 4 — x yields 


1/2 i 
B(a,a) = 2 | (4-07) dv. (6.2.2) 


The next step is now clear: let s = 4v? to produce 
B(a,a) = 2'~*B (a, 5). (6.2.3) 


The functional equation (6.1.3) converts this identity into Legendre’s original 
form: 


Proposition 6.2.1. The gamma function satisfies 


[(a+3)= ee (6.2.4) 


In particular, fora=n EN, this yields (6.1.4). 


6.3. Elementary changes of variables 


The integral (6.1.1) defining the beta function can be transformed by 
changes of variables. For example, the new variable x = t/u, reduces (6.1.1) 
to 


| i? (uw — #4)? + dt =u? 1B (a, d), (6.3.1) 
0 


© 2015 by Taylor & Francis Group, LLC 


56 Special integrals in Gradshteyn and Ryzhik. The proofs. Volume 1 


that appears as 3.191.1 in [40]. The effect of this change of variables is to 
express the beta function as an integral over a finite interval. Observe that 
the integrand vanishes at both end points. Similarly, the change t = (v—u)a+u 
maps the interval [0,1] to [u,v]. It yields 


fe —u)?*(v —1)°-! dt = (wv —u)** "Bia, 0). (6.3.2) 


This is 3.196.3 in [40]. The special case u = 0, v =n anda=v,b=n+1 
appears as 3.193 in [40] as 


"g?} ed ile 6.3.3 
fe vee= aye O88 
Mathematica evaluates this entry as 
i a(n — 2)" de =n" Bly, n +1). (6.3.4) 
0 


Several integrals in [40] can be obtained by a small variation of the defini- 
tion. For example, the integral 


1 
1 
| (1-2) de = = B(1/a,0) (6.3.5) 
0 
can be obtained by the change of variables t = x*. This appears as 3.249.7 in 


[40] and illustrates the fact that it not necessary for the integrand to vanish 
at both end points. The special case a = 2 appears as 3.249.5: 


fo —a) *de= 2B (hb) = 2" BUG, b); (6.3.6) 
where the second identity follows from Legendre’s duplication formula (6.2.4). 
The change of variables t = cx produces a scaled version: 
le =P") di =~ B (1/a,b). (6.3.7) 
The special case a = 2 yields 


2b—1 


fe —2)-1 dt = — BB (1/2,). (6.3.8) 
‘ 2 


The choice b = n+ 4 appears as 3.249.2 in [40]: 


c 2n 
2 42\n-1/2 p, _ AC 2n 
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Similarly 3.251.1 in [40] is 
7 1 Cc 
| 2-11 — 2)’ de = —B (<. b) (6.3.10) 
0 a \a 


The change of variables t = 1/x converts (6.1.1) into 
i. ¢-2-"(¢— 1)? dt = Bia, b). (6.3.11) 
1 
Letting t = x? yields 
ia gP—a—b)—1 (gp _ 1)" dae = ~Bla b). (6.3.12) 


1 


The special case vy = b and uw = p(1 — a — 8) is 3.251.3: 


| spt (= 1)" dx = “B (l—v—p/p,v). (6.3.13) 
1 


6.4 Integrals over a halfline 


The beta function can also be expressed as an integral over a half-line. The 
change of variables t = «/(1— x) maps [0, 1] onto [0, oo) and it produces from 


(6.1.1) 
me Orde 
B(a,b) = —_—_—. ALL 
=f aos (6.4.1) 
In particular, if a + b = 1, using (6.1.3) and (6.1.5), we obtain 
co ya-—1 
i ae ee (6.4.2) 
o Iil+t sin 7a 


This can be scaled to produce, for a > 0 and c > 0, 


co ,,a—1 d 
| a ee - "61 fore >0 (6.4.3) 
0 T+C sin 7a 
that appears as 3.222.2 in [40]. In the case c < 0 we have a singular integral. 
Define b = —c > 0 and s = x/b, so now we have to evaluate 

co ga-l d 
I= —o | a (6.4.4) 

0 1l-s 
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The integral is considered as a Cauchy principal value 
1 —1 oo a-1 
s*—* ds s*—* ds 
T=li —_—_—_—_—_ —_—_—_—_—_. 6.4.5 
+0 J, G—s)r€ +f (l—s)ive ey) 


Let y = 1/s in the second integral and evaluate them in terms of the beta 
function to produce 


: 1 T(a) T(1-—a-e) 

IT=1 T — | ——— — —__—__ }. A, 
la le (= +2) T=a) pee 
Use L’Hopital’s rule to evaluate and obtain 

I’(a) T’(1 —a) 
T(a) T(a) ~ 


(6.4.7) 


Using the relation [(a)I'(1 — a) = mcosec za, this reduces to 7 cot 7a. There- 
fore we have 


co ,a—1 d 
i - ze a -——— (2)? forc <0 (6.4.8) 
9 “te 


The change of variables x = e~* produces, for c < 0, 


a oa = —ncot(pm) (—c)#~?. (6.4.9) 


—t 
Gee Se 


The special case c = —1 appears as 3.313.1: 


ae: aa 
/ — j= Tcot(ur). (6.4.10) 


—oco 


Note. This is a singular integral and its value should be computed as a Cauchy 
principal value; that is, 


* eT He dt o° eo Ht dt 
lim + lim } : (6.4.11) 
b0F Jy 


a0- J_g l—e7* l-—et 


Mathematica states that this integral is divergent. 


We now consider several examples in [40] that are direct consequences of 
(6.4.3) and (6.4.8). In the first example, we combine (6.4.3) with the partial 


fraction decomposition 
1 1 1 1 
ee - 6.4.12 

(a + a)(x + b) (= =) ( ) 


to produce 3.223.1: 


a a—! da Tw _ 7 
fr a coser(rm). (6.4.13) 
0 
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Similarly, 
1 1 a+b 
—_—_ + FF 6.4.14 
x+b «-a_ (a—2x)(b+z2) ( ) 
leads to 3.223.2: 
a pl le ug 
= (ptt pe Al 
| CC aes ( cosec(yut) + a4! cot(um)), (6.4.15) 
using (6.4.3) and (6.4.8). The result 3.223.3: 
co ght dx qgh—1 — peo 
= t ——_——_ 6.4.16 
boo 77) G S418) 
follows from : ; : 
1 
——__— = — - : 6.4.17 
(a—a)(b—2) a AG ca -) ( ) 


Finally, 3.224: 


0° (x + b)at—4 dx _ T a—b it c—)b wt 
I (c+a)(cx+c) — sin(y7r) errr (6.4.18) 


follows from 
xc+b b-a 1 b-ec 1 


ee ae ee a 6.4.19 
(c+ta)\(a+c) c-ar+a c—ant+e ( ) 


We can now transform (6.4.1) to the interval [0,1] by splitting [0,00) as 
[0, 1] followed by [1, 00). In the second integral, we let t = 1/s. The final result 


is 
1 ya—1 4 4b-1 
te +t 
B(a,b) = —_— it. 6.4.20 
(= [| Te (6.4.20) 
Note. Mathematica gives this integral in terms of hypergeometric function: 


1 ya-1 4 4b-1 
te +t 1 a at+b 1 b a+b 
———— dt = -2F; —1 oF, —1). (6.4.21 
[ager (CT ten (a7): oe 


The formula (6.4.20), that appears as entry 3.216.1, makes it apparent that 
the beta function is symmetric: B(a,b) = B(b,a). The change of variables 
s =1/t converts (6.4.20) into 3.216.2: 


oo gt-1 4 gb-l 
B(a,b) = ————— ds. 6.4.22 
(n= f Tras (6.4.22) 


It is easy to introduce a parameter: let c > 0 and consider the change of 
variables t = cx in (6.4.1) to obtain 


tl dy 23 
[ (+ cxyere =C Bla, b), (6.4.23) 


© 2015 by Taylor & Francis Group, LLC 


60 Special integrals in Gradshteyn and Ryzhik. The proofs. Volume 1 


that appears as 3.194.3. We can now shift the lower limit of integration via 
t= 2+u to produce 


fu —u)*(t+v)-? dt = (ut+v) Bla, d), (6.4.24) 


where v = 1/c—u. This is 3.196.2, where v is denoted by 6. Now let b = c—a 
in the special case v = 0 to obtain 


/ (¢ — u)?-14-¢ dt = u® °B(a,c— a). (6.4.25) 
This appears as 3.191.2. 


We now write (6.4.1) using the change of variables t = x°. It produces 
ge da 1 
——— = -B : 4.2 
Loe 2 (6.4.26) 
The special case c = 2 anda = 1+ y/2, b= 1-— p/2 produces 3.251.6 in the 
form Hg 
cf htt dx pr 
ss Se 4.2 
i. (l+27)? 9 4 sin pr /2 ee) 
Now let b = 1 — a and choose a = p/c to obtain 
~ aP-lde 1 p c—p T 
= -B | -,—]J=- ; 6.4.28 
| l+a° Cc (2. c ) c cones tn) ( ) 


This appears as 3.241.2 in [40]. 


Similar arguments establish 3.196.4: 


dx 9 bY 
ee ‘ 4.2 
| CELTS | CERNE cosec(v7) (; = -) (6.4.29) 
Indeed, the change of variables t = x — 1 yields 
a dx si dt 
renner ——___ 6.4.30 
[wear f wos O40 


and scaling via the new variable z = bt/(b — a) gives 


i, =a ea) is Tar Oe 


The result follows from (6.4.1) and the value 
7 


Bo,1l—v) =T(v)P(1-v) = 


(6.4.32) 


sin ty 
The same argument gives 3.196.5: 


[. nee = - cosec(v7) (4). (6.4.33) 
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6.5 Some direct evaluations 


There are many more integrals in [40] that can be evaluated in terms of 
the beta function. For example, 3.221.1 states that 


[oe = p-1 
/ (ora = n(a—b)?~* cosec mp. (6.5.1) 
a v— 


To establish these identities, we assume that a > b to avoid the singularities. 
The change of variables t = (# — a)/(a— b) yields 


° (a — a)?! dax _, [% tl dt 
eae = (0-5 i ee (6.5.2) 


and this integral appears in (6.4.2). 
Similarly, 3.221.2 states that 


a = p-1 
7 (eae = —1(b—a)?—" cosec mp. (6.5.3) 
t— 


This is evaluated by the change of variables y = (a — x)/(b— a). 


The table contains several evaluations that are elementary corollaries of 
(6.4.1). Starting with 


«dz I'(a+1)T(b-a-1) 
nea —a—1) = —— —_ 6.5.4 
| Gan? Bia+1,b-—a-1) T(b) ; ( ) 
we find the case a = p and b = 3 in 3.225.3: 
[ a?dx _Tp+i)@—p)_pl-p) 2 (6.5.5) 
9 (+2)8 T(3) 2 sin(pr)’ ~~ 


using elementary properties of the gamma function. 


The change of variables t = 1 + x converts (6.5.4) into 


ie a Se a. (6.5.6) 


The special case a = p— 1 and b = 2 gives 


[ = = [(p)F(2—p) = (1—p)l(p)T(1 —p) 
m(1—p) 
sin(p7) © 
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This appears as 3.225.1. Similarly, the case a = 1 — p and b = 3 produces 
3.225.2: 


cue = a = spt — p)I'(p)T'(1 — p) 
_ mp U~p) 
2sin(pm) | 


6.6 Introducing parameters 


It is often convenient to introduce free parameters in a definite integral. 
Starting with (6.4.1), the change of variables t = “2° yields 


ge 
B(a,b) =cut? | ———" 6.6.1 
(a, b) = cu%v i (op utero ( ) 
This formula appears as 3.241.4 in [40] with the parameters 
ag i pe ae and v = p, (6.6.2) 
y Vv 


in the form 


Lf, wt) de 1 (2) Pw) Tnt+1— pv) 


paar! vprtt Gq Din + 1) 


This is a messy notation and it leaves the wrong impression that n should be 
an integer. 


e The special case v = c= 1 and b= p+ 1 —a produces 


eae og | 1 


This appears as 3.194.4 in [40], except that it is written in terms of binomial 


coefficients as 
co 49-1 dt nt fa—1 
a yp * : 
| (i puppn = (—1) ie ( ‘ ) cosec(7a). (6.6.4) 


We prefer the notation in (6.6.3). 


e The special case v = c= 1 and b = 2 — a produces 


oe ge ge 1 
| (+ uty? = 7a Bla, 2- a). (6.6.5) 
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Using (6.1.3) and (6.1.5) yields the form 


- teri dt _ -a)n (6.6.6) 
0 


(l+ut)? wu sinza’ 


This appears as 3.194.6 in [40]. 


e The special case u = v = 1 and c = q, and choosing a = p/q and b = 2—p/q 
yields 3.241.5 in the form 


co oP! dx q-p ri 
~~ = ——_ ——_-. 6.6.7 
| (l+27)? gq? sin(mp/q) ve 


e The special case c = 1 anda=m+1,b=n—m-— $ produces 


a t™ dt 1 
| —_ = ——_ B(m+1,n—m-$). (6.6.8) 
a 


n+é nee 
vtut)"T2  yumtly 2 


Using (6.1.3) and (6.1.4) this reduces to 


- a ees (6.6.9) 


a t™ dt m! nl (2n — 2m — 2)! om pgm Mth? 
0 (n —m— 1)! (2n)! ymti 


T 
vt+ut)?t2 


for m, n € N, with n > m. This appears as 3.194.7 in [40]. 


e The special case u = v = 1 and b = 4 —a yields 


Se de A 
- ae = GB ada). (6.6.10) 
Writing a = p/c we recover 3.248.1: 
ee ge 
| Tice ae ~B (2,4-8). (6.6.11) 


e Now replace v by v? in (6.6.1). Then, with u= 1, a= 4, c = 2, so that 


ac = 1 and b=n— $ we obtain 


a dt 1 
= —_ _B(in-}?), 6.6.12 
| (v2 +82)" Qy2n—t (2-3) ( ) 
This can be written as 
a d T(n— 1/2 
| a wees Te) (6.6.13) 
9 «(v2 +t?) 20 (n)v2r-1 


that appears as 3.249.1 in [40]. 
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e The special case v = 1, c= 2 and b= } —a in (6.6.1) yields 


ieee sian 2 1 
ee Se BG a) 6.6.14 
i Ca uP = Bye? (OF-4) ean 
Now a = 1/2 gives 
~ 1 vm 0("}) 
1+ ut?)—"/? dt = ——B (1, 251) = Y_ 2 -. 
f o+we) aya (2 "F) = aT) 


It is curious that the table [40] contains 3.249.8 as the special case u = 
1/(n — 1) of this evaluation. 


(6.6.15) 


e We now put u=v =1 and c = 2 in (6.6.1). Then, with b=1-—v—a 
and a = pu/2, we obtain 3.251.2: 


i (oe: liosp m 


e We now consider the case c = 2 in (6.6.1): 


oo f2a-1 dt 1 
i (vu+ ut2)ate ~~ Jyaye Blo b). (6.6.17) 


The special case a = m+ 4 and b=n—m + $ yields 


°c PM dE | P(m -:1/2) I (n-—m+1/2) eee 
o «(ut ut2)nt1 — Qumt1/2yn—m+1/21 (7, +1) ? (6.6.18) 
and using (6.1.4) we obtain 3.251.4: 
ne ck ae m(2m)\(2n — 2m)! 6.6.19 
o (vu t+ut?)nt! a 22n+1m!(n — m)!n! umt1/2yn—m+1/2? (6.6.19) 


for n,m EN with n > m. 
On the other hand, if we choose a = m+ 1 and b = n—™m we obtain 
3.251.5: 


i: emttd  Tim+1)ln-m) _ mi(n-m-1)! (6.6.20) 
o (ut ut2)rtt  Qumtlyn—mP(n +1) Qnlumtlyn—m * ~ 
Several evaluations in [40] come from the form 
: 1 
| t72-1(1 — 49)?! dt = —B(a,b), (6.6.21) 
) q 


obtained from (6.1.1) by the change of variables x = t?. 
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e The choice a = 1+ p/q and b = 1 — p/q produces 
1 
1 
7 pPta-1(q _ 49)-P/4 dt = —B (1 ee As *) = cosec (=) . (6.6.22) 
0 qd q qd qd 


This appears as 3.251.8. 


e The choice a = 1/p and b = 1 — 1/p gives 


1 
my a 1 
| o/P-1(1 — 9)-V/? dx = -B (-. i -) = = cosec (=) . (6.6.23) 
0 q \p q p 


This appears as 3.251.9. 


e The reader can now check that the choice a = p/q and b = 1—p/q yields 
the evaluation 


: 1 
| a? (1-29) 9/4 de = —B (2 Ie “) == cosec (=) . (6.6.24) 
) q q qd 


q q 
This appears as 3.251.10. 


e Putting v = 1 and b=v—a in (6.6.1) we get 


le) ac—1 1 
| Fs Ee ia (6.6.25) 
o (l+ute)’ cut 


Now let a = r/c to obtain 


me i he 1 
i a aes eee: (-. p= “) (6.6.26) 
9 (1t+uteyy  cur/e” \e c 
This appears as 3.251.11. 


e We now choose b = 1 — 1/g in (6.6.21) to obtain 


1 yagq—1 
tt" dt 1 1 
ol ate). 6.6.27 
i vl-tl ¢g ( ;) ( ) 
Finally, writing a = c — (m — 1)/q gives the form 
tee 

ta-™ dt 1 1 o™ 1 
ee e+e Bt), 6.6.28 
o Vl-i# @ ( q 4 q 


The special case g = 2 produces 


ee Aah epee a ae (6.6.29) 
0 /1 — t? 2 2 2°92 a(c+1— 2) ows 
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In particular, if c=n+1 and m=1 we obtain 3.248.2: 
1 ,2n41 Qn 2 
t dt ! 2°" n! 
| = Vn = (6.6.30) 
0 


VI-E W(n+3/2) (n+l)! 
Similarly, c= n and m = 0 yield 3.248.3: 


1 2n 

t-” dt 2n)! 2 

et ) (6.6.31) 
0 /T = fF 92n+1 n!2 92n+1 n 


In the case q = 3 we get 


1 43c—m 

t dt 1 1 om 1 

= = 5Blct+s=-s,1-s}. 6.6.32 
o vl-# 3 ( ) 

This includes 3.267.1 and 3.267.2 in [40]: 


LP" dt _ ae Tint 3) 


o Vi-#® 3vV3r4rnt) 
i pet ae (n — 1)!IT(2) 
0 


VI-8  — -3P(n+2) 


The latest edition of [40] has added our suggestion 


5 (6.6.33) 


as 3.267.3. 


6.7 The exponential scale 


We now present examples of (6.1.1) written in terms of the exponential 
function. The change of variables x = e~“ in (6.1.1) yields 


I 
This appears as 3.312.1 in [40]. On the other hand, if we let 2 = e~® in 
(6.4.1) we get 


ian) 


—at(y — ¢-etyb-1 ge = 1B (<. b) (6.7.1) 
c (a 


ee ie 8et dt 1 
i. (+ e-are = ~ Bla, 6). (6.7.2) 


This appears as 3.313.2 in [40]. The reader can now use the techniques de- 
scribed above to verify 


a ey = aexp [p (u — ~)| B(ap,v — ap), (6.7.3) 
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that appears as 3.314. The choice b = 0, vy = 1 and relabelling parameters by 
a=1/qand p =p yield 3.311.3: 


Oe Pr d 1 
/ cal (E12) = Heose (#). (6.7.4) 
-~olte? ¢ q q q q 


using the identity B(a,1— 2x) = mcosec(7x) in the last step. This is the form 
given in the table. 


The integral 3.311.9: 


Co px d. 
[. = = = rb! cosec(pum) (6.7.5) 
can be evaluated via the change of variables t = e~*/b and (6.4.2) to produce 
eae 
Tay | —- (6.7.6) 
o 6cL+¢ 


6.8 Some logarithmic examples 


The beta function appears in the evaluation of definite integrals involving 
logarithms. For example, 4.273 states that 


i p-1 q-1d p+q-1 
- (in *) (in “) es B(p,q) (in “) : (6.8.1) 
Ms u ae Me u 
The evaluation is simple: the change of variables x = ut produces, with c = 
v/u, 


r dt 
I= / In?~' ¢ (Inc — Int)*“1 ae (6.8.2) 
1 


Int 
Ine 


The change of variables z = give the result. 


A second example is 4.275.1: 


: q-1 _ yp-1(y _ 9-1) dz = lq) = 
[ (cms (1 ay") de = r+ a) Fel). (683) 
that should be written as 
i [(- Ing)?-+ — g? 41 — ao | dx =T(q) — B(p,q). (6.8.4) 


The evaluation is elementary, using Euler form of the gamma function 


r@= | (—Inx)*"! de. (6.8.5) 
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6.9 Examples with a fake parameter 


The evaluation 3.217: 


of pPgP-t (1+ ba)?-? 


has the obvious parameter b. We say that this is a fake parameter in the sense 
that a simple scaling shows that the integral is independent of it. Indeed, the 
change of variables t = bx shows this independence. Therefore the evaluation 
amounts to showing that 


mee ae (1+t)?-1 
————— t= : 9. 
| ear . dt = 7 cot rp (6.9.2) 
To achieve this, we let y = 1/t in the second integral to produce 
ie aad aa 
im, —— -f ——_—.. (6.9.3) 
e>0 Jo (1+¢t)P 9 (14+t)l-? 
The integrals above evaluate to B(p — ¢,¢) — B(e,1— p —e). Using 
P(@r) 
a)) T(a+b) sae Ce sin(7a) ee) 


this reduces to 


T(ip-—6)I i —_I? i 
f=inae ( (p— 6) + €) sin(a(p + €)) — T"(p) sin(xp)\ (6.9.5) 
e40 I'(p)I'(p + €) sin(a(p + €)) 
Now recall that 
lim e['(e) = 1 (6.9.6) 
e0 
and reduce the previous limit to 
_ 1 . 1 3 2 . 
I= Tp sin(ap) lim 2 (['(p —e)I'(p + €)sin(x(p + €)) —T*(p) sin(mp)) ; 
(6.9.7) 
Using L’Hopital’s rule we find that I = a cot(mp) as required. 
The example 3.218 
°° 2P-1 _ (q + g)2P-1 
| — (a+apPar dx = 7 cot Tp (6.9.8) 


also shows a fake parameter. The change of variable x = at reduces the integral 


above to 
i. f2p-1 = ‘al + Le 
0 


(+ HP dt = m cot mp. (6.9.9) 
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The beta function 


This can be written as 


Oey cee cea 


The result now follows from (6.9.2). 


6.10 Another type of logarithmic integral 
Entry 4.251.1 is 


co La-—1 ] p2-t 
i 2 dx = ~— (Inb— rot ma). 
0 a+b sin 7a 


To check this evaluation we first scale by x = bt and obtain 


OO aT | oo zal dt o° 42-1 Int 
i de =o tind f +o [ pgs 
o «+d o. Lee @.  1+¢ 


The first integral is simply 


me ge=l dt 
| =Rei-y=Teri ao, 
o il+t sin 7a 


The second one is evaluated as 


Si? lie 2 cos Tra 
0 1+t sin* (7a) 
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(6.9.10) 


(6.10.1) 


(6.10.3) 


(6.10.4) 


by differentiating (6.4.1) with respect to a. The evaluation follows from here. 


6.11 A hyperbolic looking integral 
The evaluation of 3.457.3: 


I ee --58(4 r) Ina 
wo (a2e®+e-*)# Dah 2’ 2 , 


is done as follows: write 


1 - x dx 
l=— ————— 
at J_., (ae* +a~le-*)# 
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(6.11.2) 
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and let t = ae” to produce 


1 f° t#-1 (Int — Ina) dt 


l=— 6.11.3 
at Jo (1+ t?)# ( ) 
The change of variables s = t? yields 
il co op /2-1 l CO op /2-1 d 
-z | 8 Insds_ Ina 8 a. (6.11.4) 
dat Jo (14+ s)# 2ak Jo (14+s)# 


The first integral vanishes. This follows directly from the change s + 1/s. 
The second integral is the beta value indicated in the formula. 
In particular, the value a = 1 yields 


xdx 
= 0. 6.11.5 
[ oo cosh” x : ( ) 
Differentiating with respect to 4 produces 
/ x Incoshaz dx = 0, (6.11.6) 


that appears as 4.321.1 in [40]. 


Note. Mathematica gives 


iz x dx = a2 R eT] 
oo (et Fem*)H AI 4 8148 


Note. The only entries in this chapter that cannot be evaluated by 
Mathematica are 4.273 in (6.8.1) and 3.217 in (6.9.1). 
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Chapter 7 


Elementary examples 
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7.6 Aeier Racal .4or0 wenn aeidaneare seeuadbaeereeesaeoeereedekes 80 
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io Combination of polynomials and exponentials .................. 82 
TD | Gere ACAI cv esu anh wadewacewekdd nydieuatecomede deeeaaee 83 
7.11 Integrals involving quadratic polynomials ....................005 84 
7.12 An elementary combination of exponentials and rational 

MVGUIMOUS 2ekaocs aa baneeadenee gute Kel oeaiecendaneteudeaueedocedenay 86 
7.18 Anelementary logarithmic integral .....cccrsecieseareseenreonaes 87 


7.1 Introduction 


Elementary mathematics leaves the impression that there is marked differ- 
ence between the two branches of calculus. Differentiation is a subject that is 
systematic: every evaluation is a consequence of a number of rules and some 
basic examples. However, integration is a mixture of art and science. The 
successful evaluation of an integral depends on the right approach, the right 
change of variables or a patient search in a table of integrals. In fact, the the- 
ory of indefinite integrals of elementary functions is complete [28, 29]. Risch’s 
algorithm determines whether a given function has an antiderivative within a 
given class of functions. However, the theory of definite integrals is far from 
complete and there is no general theory available. The level of complexity in 
the evaluation of a definite integral is hard to predict as can be seen in 


/ e "dx =1, i e* dx = a and | e* de =T (3). (7.1.1) 
2 
0 0 ) 


The first integrand has an elementary primitive, the second one is the classical 
Gaussian integral, and the evaluation of the third requires Euler’s gamma 
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function defined by 
T(a) =| gem te © das, (7.1.2) 
0 
The table of integrals [40] contains a large variety of integrals. This paper 
continues the work initiated in [3, 63, 64, 65, 66, 67] with the objective of 
providing proofs and context of all the formulas in the table [40]. Some of 


them are truly elementary. In this paper we present a derivation of a small 
number of them. 


7.2 A simple example 
The first evaluation considered here is that of 3.249.6: 


| (1 — J/x)?"* dx = ; z (7.2.1) 


(p+ 1) 


The evaluation is completely elementary. The change of variables y = 1 — /z 
produces 


1 1 
I= -2 | y? dy + 2 | y?—* dy, (7.2.2) 
0 0 


and each of these integrals can be evaluated directly to produce the result. 
This example can be generalized to consider 


1 
I(a) =| (1 — 2%)?! da. (7.23) 
) 
The change of variables t = x* produces 
1 
I(a) =a | le (ed ge (7.2.4) 
0 


The integral (7.2.4) appears as 3.251.1 and it can be evaluated in terms of 
the beta function 
1 
B(a,b) = | z*1(1—)’"1 da, (7.2.5) 
0 


as 
ia=a "Ripa *). (7.2.6) 


The reader will find in [67] details about this evaluation. 


A further generalization is provided in the next lemma. 
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Lemma 7.2.1. Letn €N, a, b, c€ R with bc > 0. Define u = ac — b?. Then 


n+1 
nz at be bv a, = 2u(—b) mn eas 
[= b+ maa os n( * 4 = 
Qu (-1) (6)? 2b 
oe n—-j+l (n+2)c 
Proof. Substitute y = 6 + c/a and expand the new term (y — b)”. O 


7.3 A generalization of an algebraic example 


The evaluation 


re dx T 
——_—_ — = - 7.3.1 
[. (l+27)/4+32? 3 een 


appears as 3.248.4 in [40]. We consider here the generalization 


ie dx 
a,b) = — 7.3.2 
a(a,) he (1+ 2?) Vb + ax? ( ) 
We assume that a, b > 0. 
The change of variables x = Vbt/./a yields 


dt 


b) =2 —— 
ala.) va |” (a+ bt?) V1+¢ 


where we have used the symmetry of the integrand to write it over [0,0o). 
The standard trigonometric change of variables t = tan y produces 


n/2 d 
g(a, b) = ava [ EE (7.3.4) 
0 


acos? y + bsin? p 


(7.3.3) 


Finally, u = sin y, produces 


1 
du 
b) =2 ———.. 3. 
o(a,8) = 2Va | (7.3.5) 
The evaluation of this integral is divided into three cases: 


Case 1. a = b. Then we simply get g(a, b) = 2//a. 
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Case 2. a < b. The change of variables s = uy/b — a//a produces (b—a)u? = 
s?a, so that 


q(a, b) = tan‘, (7.3.6) 


2 i ds 2 
J/b—aJo 1+s? Vb—a 
with c= Vb—a/Va. 


Case 3. a > b. Then we write 


1 
du 
=2 Se 3. 
a(a,t) =2Va | (73.1) 
The change of variables u = \/as//a — 6 yields 
2 ° ds 
b)= —— 7.3.8 
a(a,) ee (7.3.8) 
where c= Va — b/\/a. The partial fraction decomposition 
1 1 1 il 
ma-3(tr) use) 
now produces 
1 Vva—b 
ats In (oe) (7.3.10) 
Va—b Jfa-Va—b 


The special case in 3.248.4 corresponds to a = 3 and b = 4. The value of 
the integral is 2tan71(1/V/3) = 3, as claimed. This generalization has been 
included as 3.248.6 in the latest edition of [40]. 


We now consider a generalization of this integral. The proof requires sev- 
eral elementary steps, given first for the convenience of the reader. 


Let a, b€ R with a < band neEN. Introduce the notation 


aaa dt 
Hah) 7.3.11 
oP) I (a + bt?)" V1 +2 ( ) 
Then we have: 
Lemma 7.3.1. The integral I,(a,b) is given by 
1 2\n-1 
1- d 
In(a,b) = | oe (7.3.12) 
9 (atav?)r 


witha =b—a. 
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Proof. The change of variables v = t/V1+ €? gives the result. O 


The identity 
1 
(1 —v?)""? = (1 — v7)" + (1 — 0?) {=( + av?) — “\ (7.3.13) 
a a 


produces 


_@ 1 (la?) i 1 1 (Lay )P-! 
aCe } eer vt [ esau (7.3.14) 


b a + av?)” b at+av?)r-lo 


The evaluation of these integrals requires an intermediate result, that is 
also of independent interest. 


Lemma 7.3.2. Assume z € R andn € NU {0}. Then 


1 24 n 2k 
dx 1 /2n tan” * z 2 1 
ne —_- ——__— ].. (7.3.1 
| G+ eer a("") ( 7 +e es vm 


k=1 


Proof. Define 


F,(z) = [ es er ff -_., (7.3.16) 
» Cat 2, Tee 


Take derivatives with respect to z on both sides of (7.3.16). The outcome is a 
system of differential-difference equations 


dF,(z) _ 2(n+1) 2(n + 1) 
ce = F(Z) - Faz) (7.3.17) 
dF, 1 1 
an —5Falz) a 21 + 22)n+1" 


Solving for a purely recursive relation we obtain (after re-indexing nH n—1): 


1 


2nF,,(z) = (2n — 1)Fy_1(z) + G42)" 


(7.3.18) 


with the initial condition Fo(z) = + tan~! z. This recursion is solved using the 


procedure described in Lemma 2.7 of [3]. This produces the stated expression 
for F(z). O 


The next required evaluation is that of the powers of a simple rational 
function. 
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Lemma 7.3.3. Leta, b,c, d be real numbers such that cd > 0. Then 


n k= 1 ; 

4a” be — ad 2k —2 2 d 
+ — -. 
oer Ole aie, +o 


Proof. Start with the partial fraction expansion 


avz+b a bc—ad 1 
G = — = Yt 7.3.19 
(2) cx? +d a cd ca? /d+1? ( ) 


and expand G(a)” by the binomial theorem. The result follows by using 
Lemma 7.3.2. oO 


The next result follows by combining the statements of the previous three 
lemmas. 


Theorem 7.3.1. Let a,b € R* with a < b. Then 


I iy acs i dt 
n+1(4, ) — f Cree a b2yrel ae =z rp 


7.4 Some integrals involving the exponential function 
In [40] we find 3.310: 


1 
‘ e ?* dx = —, for p> 0, (7.4.1) 
) Pp 
that is probably the most elementary evaluation in the table. The example 
3.311.1 4 io 
: a (7.4.2) 
go l+eP* Pp 
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can also be evaluated in elementary terms. Observe first that the change of 
variables t = px, shows that (7.4.2) is equivalent to the case p = 1: 


| OE 2g (7.4.3) 
0 1+ e* 
This can be evaluated by the change of variables u = e* that yields 


du 
fe | rca (7.4.4) 


and this can be integrated by partial fractions to produce the result. The 
parameter in (7.4.2) is what we call fake, in the sense that the correspond- 
ing integral is independent of it. The advantage of such a parameter is that 
it provides flexibility to a formula: differentiating (7.4.2) with respect to p 


produces 
°° weP® dx In2 
fT = 
° gePt(eP™ —1)dx  2In2 7 AG 
a ar — 
% gePt(e?P* —deP® +1)dx  61n2 7A7 
0 (1 + ep)4 7 pt ( ute ) 


The general integral formula is obtained by differentiating (7.4.2) n-times with 
respect to p to produce 


OT aN: “ag n! 
—) — =(-1)"— ]2. 7.4.8 
[(s) Seon (7.48) 
The pattern of the integrand is clear: 
a\" 1 (—1)"a"eP* 
—) —— = ~——___ P(e"), 7.4.9 
(=) Ll+erpt (1+ epr)r+l (e"") ( ) 


where P,, is a polynomial of degree n — 1. It follows that 


oa eP® P,(eP*) dx nn! In2 


The change of variables t = px shows that p is a fake parameter. The integral 
is equivalent to 


[ ene ee =n! In2. (7.4.11) 
o bey 
The first few polynomials in the sequence are given by 
Pu) = 1, (7.4.12) 
Plu) = u—l, 
P3(u) = w—4u+1, 
Pau) = vw? —11u?+1lu-1. 
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Proposition 7.4.1. The polynomials P,,(u) satisfy the recurrence 
d 
Pr4i(u) = (nu — 1)P,(u) — u(1 + u)a Plu). (7.4.13) 
U 


Proof. The result follows by expanding the relation 


(=1yrtantter® Paai(eP*) _ 8 ( (-1)ha"eP* Pa (cP*) (7.4.14) 
(1 + epr)n+2 Op (1+ epr)rtl _ 
O 
Examining the first few values, we observe that 
Qn(u) = (-1)"Pr(—u) (7.4.15) 


is a polynomial with positive coefficients. This follows directly from the recur- 
rence 


d 
Qn4i(u) = (nut 1)Qn(u) + u(1 — u) a @nlu)- (7.4.16) 
This comes directly from (7.4.13). The first few values are 
Qi(u) = 1, (7.4.17) 
Qe (u) = UT 1, 
Qs(u) = wt4utl, 
Qa(u) = uP +11u? 4+ 1lu+1. 
Writing 
n—-1 
Qn(u) = >> Ejntel, (7.4.18) 
j=0 
the reader will easily verify the recurrence 
Fonti = Eon (7.4.19) 
Ejnti = (n—J+1)Ej-1n + (9 + 1)Ejn 
En in+1 = Ean: 


The numbers £;,, are called Eulerian numbers. They appear in many situa- 
tions. For example, they provide the coefficients in the series 


co m1 
x 7 
S_ kak = aoa >> Ejnt (7.4.20) 
k=1 n=0 
and satisfy the simpler recurrence 
Ejn = NEj-1n + GEj,n-1; (7.4.21) 
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that can be derived from (7.4.19). These numbers have a combinatorial inter- 
pretation: they count the number of permutations of {1, 2,...,n} having 7 
permutation ascents. The explicit formula 
j+1 
Ein = >_(-1) ( ; Ju 1 = 5)”, (7.4.22) 


k=0 


can be checked from the recurrences. The reader will find more information 
about these numbers in [41]. 


7.5 A simple change of variables 
The table [40] contains the example 3.195: 


(1 +a) l-a? 
—___ = —— 7.5.1 
| Gare? em) 
One must include the restrictions a > 0,a 4 1,p 4 0. The evaluation is 
elementary: let 


1a 
yo. (7.5.2) 
rt+a 
to obtain 
il 1 
i= ‘| uP du, (7.5.3) 
a-—l 1/a 


that gives the stated value. The formula has been supplemented with the value 
1 for a = 1 and Ina/(a— 1) when p = 0 in the last edition of [40]. 


Differentiating (7.5.1) n times with respect to the parameter p produces 


—1)"a7 2 ml k 
(—1)"a~? ured n\(p Ina) 
(a—1)p™tt am 
Naturally, the integral above is just 
1 1 
/ uP?" In” udu (7.5.4) 
a— 1 1/a 


and its value can also be obtained by differentiation of (7.5.3). 


The next result presents a generalization of (7.5.1): 
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Lemma 7.5.1. Leta, b be free parameters andn € N. Then 


° (142) = _(n—-1\a7~ 
| BE te (on aynx {atnt)— Soh , a}. 


where B(n,b) is Euler’s beta function. 


Proof. Use the change of variables u = (1+ x)/(a+ 2), expand in series and 


then integrate term by term. 


7.6 Another example 
The integral in 3.268.1 states that 


1 —1 
1 paP 
_ dx = Inp. 
i (+ 7) pe ae 


To compute it, and to avoid the singularity at « = 1, we write 


l—e 1 
1 p 
I=lim ee d 
e>0 0 1-2 1—aP 


This evaluates as 


€ 


ia filaee 
I= lim — Ine + In(1 — (1 —)?) = lim In ae =Inp. 
«+0 «0 


Note. Mathematica gives 0 as the value of this integral. 


7.7 Examples of recurrences 


oO 


(7.6.1) 


(7.6.2) 


(7.6.3) 


Several definite integrals in [40] can be evaluated by producing a recurrence 


for them. For example, in 3.622.3 we find 


=e 2n ? 7 
| tan*” «dx = (— a ae 4 


To check this identity, define 
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(772) 


Elementary examples 81 


and integrate by parts to produce 


1 
In = —In- ; 7.7.3 
1+ 1 ey 
From here we generate the first few values 
T T T 1 T 1... J 
Ig=—-,h =--4+1,f2=--14+- I3 =—-—+1-=4+- 
a= prt ae | +g and Js atimgts 


and from here one can guess the formula (7.7.1). A proof by induction is easy 
using (7.7.3). 


Note. Mathematica expresses this integral in the form 


m/4 in ni 
| tan?” «dx = ; c (5 + ;) —w (5 + 3)| : (7.7.4) 


A similar argument produces 3.622.4: 


m/4 (1st ue (-1)* 
tan2”*! ¢ dx = ~——— | n2- —— ]}. 7. 
| an xdx 5 n » E (7.7.5) 
To establish this, define 
m/4 
Meee i tan?"*! x dx (7.7.6) 
0 
and integrate by parts to produce 
1 
Jn = —Jn-1 + on (7.7.7) 
The value 4 
nS In2 
ies di tanx dx = =, (7.7.8) 
0 


and the recurrence (7.7.7) yield the formula. 


Note. Mathematica gives this integral in the form 


a Qn+1 I = _— 
| panel gap = re HarmonicNumber (5) — HarmonicNumber ( 5 )| : 
0 
(7.7.9) 


7.8 <A truly elementary example 
The evaluation of 3.471.1 


” b\ d 1 b 
i exp (->) a = —exp (-=) ; (7.8.1) 
0 x) x b u 


is truly elementary: the change of variables t = —b/x gives the result. 
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7.9 Combination of polynomials and exponentials 


Integration by parts produces 


1 
jee dx = —a2"e%" — mf arte (7.9.1) 
a 


a 


This appears as 2.321.1 in [40]. Introduce the notation 


I,(a) := ae dx (7.9.2) 
so that (7.9.1) states that 
1 
I,(a) = —a2"e** — = n—-1(@). (7.9.3) 
a a 


This recurrence is now used to prove 


ne - kan-k 
In(a) = nle® S~ ae (7.9.4) 


by an easy inductive argument. This appears as 2.321.2. The casel<n<4 
appear as 2.322.1, 2.322.2, 2.322.3, 2.322.4, respectively. 


Note. Mathematica expresses this integral as 
ae dx = (-1)"a"*""T'(n +1, —az), (7.9.5) 


where ['(n, x) is the incomplete gamma function. 
Integrating (7.9.4) between 0 and u produces 3.351.1: 
n k 


u ! ! 
nN. nt U 
n ,— ax —au 
ree dz = —— —e a 7.9.6 
| qntl oy k! qn-kt+1 ( ) 


This sum can be written in terms of the incomplete gamma function. Details 
will appear in a future publication. Integrating (7.9.4) from u to co produces 
k 


o n ax —au “ nl U 
a k=0 


This appears as 3.351.2. 


The special case n = 1 of 3.351.1 appears as 3.351.7. The cases n = 2 
and n = 3 appear as 3.351.8 and 3.351.9, respectively. 
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7.10 A perfect derivative 


In section 4.212 we find a list of examples that can be evaluated in terms 
of the exponential integral function, defined by 


* el dt 
Bi(z) := | 7 ; (7.10.1) 
for z < 0 and by the Cauchy principal value of (7.10.1) for « > 0. An exception 
is 4.212.7: e need 
na dx € 
—— , =--l. 7.10.2 
| (l+Inaz)? 2 ( ) 
This is an elementary integral: the change of variables t = 1+ Ina yields 
1 f?(t-1 
[= -| ( 5 ) dt (7.10.3) 
es, t 


and to evaluate it, observe that 


(¢-1), de’ 
i oe (7.10.4) 


The change of variables t = In in (7.10.2) yields 


1 tet dt e 


This is 3.353.4 in [40]. 


The previous evaluation can be generalized by introducing a parameter. 


Lemma 7.10.1. Let ae R. Then 


7 Ina dx e€ 1 
————————— = —_—_ - —. 7.10.6 
7 (a+Inz)e+! (a+1)* ae ( ) 


Proof. Substitute t = a+ Ina and use 


de’ t-a, 


= = ———— 6". .10. 
aie peel” (7.10.7) 


The case a = 1 corresponds to (7.10.2). oO 
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7.11 Integrals involving quadratic polynomials 


There are several evaluation in [40] that involve quadratic polynomials. 
We assume, for reasons of convergence, that the discriminant d = b? — ac is 
strictly negative. 


We start with 


ce dx 1 ; b 
ST = cot | —— ]}. 7.11.1 
| az? +2bra4+c VJac— Pb? (<=) ( ) 


This is evaluated by completing the square and a simple trigonometric sub- 


stitution: 

[ dx _ ~ | du 

5 at2+2br+ce  }§ a4 b/a U? — d/a? 
1 i du 
V—d rig eae 


Differentiating (7.11.1) with respect to c produces 3.252.1: 


az?+2br+c)"  —— (n—1)! Oc"! 


[ dx (-1)""1 a"! | cot-1(b/Vac — 6?) 
oC Vac — b? 


(Tat?) 


We now produce a closed-from expression for this integral. 


Lemma 7.11.1. Let n € N and u := 4(ac— b”)/ac. Assume cu > 0. Then we 
have the explicit evaluation 


[ dx _ 
0 (ax2+2ba+c)" — 
n—-1 : 
2b 2n— 2 VJ 2b J 
ao (™ )x cot ( > oe . 
a(cu)” \n—1 b acu ra IG) 


Proof. The case n = 1 was described above: 


o dx 1 1 
h(a,b,e):= | = —S— = ———— cot ( ———). (7.113 
kOe) | ax? +2br+ce Jac— 82 "7 (= =) ( ) 


Now observe that h(a?, abc, b”) = h(1,b,1)/ac. Now change the parameters 
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sequentially as at a?; c+ c?; b+ abc. In the new format, both sides satisfy 
the differential-difference equation 
df, b 


—2nce(1 — B\fnoi = —— + 


7 tae (7.11.4) 


The result is obtained by reversing the transformations of paramaters indi- 
cated above. O 


Corollary 7.11.1. Using the notations of Lemma 7.11.1 we have 


co 


2 rey = VOCE eoyt (=) (7.11.5) 


jai 4 


J 


The integral 3.252.2 


7 Gy eS a OE WY 7.11.6 
oo (2074+ 2ba +c)” (2n—2)!! (ac — b2)"—-1/2 ( ) 


[. dx (2n — 3)! an} 


reduces via u = a(a + b/a)/Vac — b? to Wallis’ integral 


ce du (2n — 3)! 7 
| (u2+1)" (Qn—2)!! 2” ol 


that appears as 3.249.1. The reader will find in [22] proofs of Wallis’ integral. 
Observe that the evaluation of 3.252.2 is much simpler than the correspond- 


ing half-line example presented in Lemma 7.11.1. 


The last example of this type is 3.252.3: 


~ da (2) a” ( 1 ) 
i (ax? + 2ba + c)"*3/2 ~~ (Qn +1)" Oc" \ Ve (Vac + b) ] 


A simple trigonometric substitution gives the case n = 0: 


i dx _ a a du 
0 (az2+2ba+c)3/2 = ac — B ayfaa (uP? + 13/2 
1 


Ve(Vac +b)” 


The general case follows by differentiating with respect to c and observing 


that ? 
O (27 +1)", 5 -3/2-4 
a) = (apie ee j 
(=) (-1) a (ax* + bx + c) ; 


We now provide a closed-form expression for (7.11.8). 
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Theorem 7.11.1. Let a, b,c € R andn €N. Define u = (ac — b*)/4ac and 
assume cu > 0. Then 


i. da _ 
0 (ax? + 2ba + c)r+3/2 — 


rf te 
VEZ") (2n+1) \ Vac+b ae) 


Proof. Change parameters sequentially as a> a?; c+ c?; b+ abc. Then, in 
the new format both sides satisfy the differential-difference equation 


d b 
-QN(-Pe)fnar = SE - Se, (7.11.8) 


where N =n-+ 8. O 


7.12 Anelementary combination of exponentials and ra- 
tional functions 


The table [40] contains two integrals belonging to the family 
= d 
iv =i en PB (e-F 1)", (7.12.1) 
0 xd 
Indeed 3.411.19 gives T): 
7 e P*(e? — yn dz =— So(-1 . In(p+n-—k), (7.12.2) 
0 x k 


and 3.411.20 gives T9: 


[ Ce nS =rcn'(?) (pt+n—k)n(pt+n—k), (7.12.3) 


k=0 
The next result presents an explicit evaluation of 7). 


Proposition 7.12.1. Let p be a free parameter, and letn, 7 © N withn+p> 
0. Then 


e-P8(e-# 1 = asa S0(-1)* (ptn—k)i! In(p+n—k). (7.12.4) 
0 ai (j — 1)! rar 


© 2015 by Taylor & Francis Group, LLC 


Elementary examples 87 
Proof. Start with the observation that 
T=- [Dawe +C. (7.12.5) 


Therefore we need to describe the iterative integrals f;(p) = [ fj;-1(p) dp,with 
fo(p) = In(p + a). This can be found in page 82 of [22] as 


fj(p) = a (p +a) In(p +a) — <p +ayi+C, (7.12.6) 


with a=p+n—k and H; = Dg i is the harmonic number. To 
build back the functions T; employ the fact that, for any polynomial Q(n, k), 


Dye (eer) =0. (7.12.7) 

k=0 

Consequently, 
—1)it+1 2 : 

T; =C+ ( - So(-DF (p+ n— ky In(p+n-—k). (7.12.8) 

“  k=0 
The last step is to check that C = 0. This follows directly from Tj; — 0 as 
p — oo. The assertion is now validated. O 


7.13 An elementary logarithmic integral 
Entry 4.222.1 states that 


[ In (< + =) dx = (a—b)r. (7.13.1) 


m gee? 
and then let m — oo. 
Integration by parts gives 


m m 2 d 
| In(a?+27)dxr = mln(m? +a”) — 2 | cca 
) 0 


= mln(m? + a?) -—2m+ 2a? f =— 
0 
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Therefore 
24,2 
I(m) = mln (=45) + 2atan~* (“) — 2btan~* (+) : 
The limit of the logarithmic part is zero and the arctangent part gives (a—b) 
as required. 


The generalization 


oe ab+a5 T 
1 dz = (a — b) ———_—~ 7.13.3 
i; - (< + a8 ) oote ane ( ) 
can be established by elementary methods provided we assume the value 
dz T 
= ———_ 7.13.4 
[ 1+2a° — s sin(z/s) ( ) 


as given. This integral is evaluated in terms of Euler’s beta function in [67]. 
Indeed, integration by parts gives 


y we de 
| In(a* + 2°) dz = yln(a® + y*) — sy+ sa [ 
0 


——_., 7.13.5 
9 ae+y* ( ) 


and similarly for the b-parameter. Combining these evaluations gives 
y S 1 Ss S 1 4,8 y d y d 
/ n( 27" dx = yln oe +sa° f . — so* | ——. 
0 bs + rs bs + ys 0 as + x8 0 bs + x8 


Upon letting y — oo, we observe that the logarithmic term vanishes and a 
scaling reduces the remaining integrals to (7.13.4). 


Note. Mathematica evaluates all the entries in this chapter, with the excep- 
tion of 3.252.1 in (7.11.2), 3.252.2 in (7.11.6), 3.252.3 in (7.11.8), and also 
the entries 3.411.19 in (7.12.2) and 3.411.20 in (7.12.3). 
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Chapter 8 


Combinations of powers, 
exponentials, and logarithms 


8.1 DP OMCIOR: 24 c¢c0i-s anes deoanuesiowsebiegaidesdccaseereaanenaeees 89 
8.2 The evaluate OF A SGS.3 2isvecveusvevexerceedeveteseceerpevces 90 
83 <A new family of integrals c.ciscsivsssssisversesiverssesoesavesaed 92 
8.4 Pe eA IE TAMI xg 29 aspraeeld eee taka we wank eke Bae bue 95 


8.1 Introduction 


The uninitiated reader of the table of integrals by I. S. Gradshteyn and I. 
M. Ryzhik [40] will surely be puzzled by choice of integrands. In this note we 
provide an elementary proof of the evaluation 4.353.3 


1 is | | 
ni ax oa k-1 n. n ne 
i (aa: +n + 1)a € Inzdxz =e dV (n— kylabet + (-1) qe 
(8.1.1) 


Mathematica evaluates this integral in terms of the Exponential integral func- 
tion as 


i nt+1 
-1 
| (az +n+ 1)a"e Ina dx = ExpIntegral(—n, —a) + fy" rn +1). 
0 a 
(8.1.2) 
We also consider the integrals 
1 
dn = xe “Inadx (8.1.3) 
0 
and the companion family 
1 
pr= | wre” dx. (8.1.4) 
0 
The integral g,, corresponds to the case a = —1 in (8.1.1). Section 8.3 provides 
closed-form expressions for p, and q,,. Section 8.4 considers the generalization 
1 1 
P,(a) = | xe dx and Q,(a) = | xe “Inada. (8.1.5) 
0 0 
89 
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The main result of this section is the closed-form expressions 


: Tr (ax n! —a “ a’ 
P,(a) =f xe da = a l-e 2H ; (8.1.6) 
and 
cl ! n 1 k-1 gj 
Qn{a) = | ve “ Inadxr = — —{1l-e% pe aQo(a) | , 
0 ‘ k i i! 
k=1 j=0 
where 
, 1 
Qo(a) -| eS Inzdr = —~ (y+ Ina+T(,a)), (8.1.7) 
0 
and I'(0, a) is the incomplete gamma function defined by 
T(a, 2) := / ae a 2 (8.1.8) 
8.2 The evaluation of 4.353.3 
The identity 
d 
ce (a"*te%) = (ax +n+ 1)x"e™ (8.2.1) 
and integration by parts yield 
1 1 
| (az +n+1)r"e™ Ina dr = -{ xe dx. (8.2.2) 
0 0 


This last integral appears as 3.351.1 in [40]. We have obtained a closed-form 
expression for it in [4]. This has been shown in Chapter 7. A new proof is 
presented in Section 8.4. 

A closed form expression for the right hand side of (8.2.2) is obtained from 


1 Moa 4 
| xe dx = (=) . , (8.2.3) 
0 da a 


The symbolic evaluation of (8.2.3) for small values of n € N suggests the 
existence of a polynomial P,,(a) such that 


1 n+1 P. 
n ax (=I) ei gl n(@) a 
, cre dx = se + arere (8.2.4) 


The next lemma confirms the existence of this polynomial. 


© 2015 by Taylor & Francis Group, LLC 


Combinations of powers, exponentials, and logarithms 91 


Lemma 8.2.1. The function P,(a) defined by 


P,(a) = a®+1e-4 (4) — oo or) (8.2.5) 


is a polynomial of degree n. 


Proof. Let D = 4. Then D"+! = D(D") produces the recurrence 
Pnii(a) = aP!(a) + (a—n—1)Py(a). (8.2.6) 


The initial condition Po(a) = 1 and (8.2.6) show that P,, is a polynomial of 
degree n. O 


Theorem 8.2.1. The polynomial 
Qn(a) = (—1)"P,(—a) (8.2.7) 


has positive integer coefficients, written as 
n 
ws (8.2.8) 
k=0 


These coefficients satisfy 


bn+1,0 => (n - 1)bn,o (8.2.9) 
On+1,k = (n ae k)bnk “Ff bnjk—15 1 < k <n 
On+1,n41 = Onin: 


Moreover, the polynomial Q,,(a) is given by 


mm k 
a)=n! >> = (8.2.10) 
k=0 — 


Proof. The recurrence (8.2.6) yields 


Qn+i(a) = —aQ) (a) + (@+nt+ 1)Q,(a). (8.2.11) 


The recursion for the coefficients b,;, follows directly from here. Morover, it 
is clear that bp», = 1 and bn.o = n!. A little experimentation suggets that 
bn.~n = n!/k!, and this can be established from (8.2.9). O 


This proposition amounts to the evaluation of 3.351.1 in [40]: 


n 


U 1 n+1 an au 
| ere dx = ——___—_ ce La jie Te aah (8.2.12) 
0 


~qntl Tg z ae 


The reader will find a proof of this formula in Chapter 7 or in [4]. 
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8.3 A new family of integrals 


In this section we consider the family of integrals 


1 
dn =| x"e * Inada, (8.3.1) 
0 
and its companion 
1 
Pn =| xe * dx. (8.3.2) 
0 
Lemma 8.3.1. The integrals Pn, dn satisfy the recursion 
Prot = (n+1)p,-—e' (8.3.3) 
Qn4t+1 = (n a 1)dn + Pn: 
Proof. Integrate by parts. O 


The initial conditions are 
1 
po =1—e71 and gq = i e *Inadz = y-— Ei(—1). (8.3.5) 
0 
Here ¥y is Euler’s constant defined by 
y:= lim ys ae Inn (8.3.6) 
k 


with integral representation 


=f e *Inadx (8.3.7) 
0 


given as 4.331.1. The reader will find in [22] a proof of this identity. The 
second term in (8.3.5) is converted into 


| e*Inede = | de (8.3.8) 
1 1 


and this last form is identified as Ei(—1), where Ei is the exponential integral 
defined by 


Ei(z) = — i. dx. (8.3.9) 


In the current context, the value of Ei(—1) will be simply one of the terms in 
the initial condition qo. 


© 2015 by Taylor & Francis Group, LLC 


Combinations of powers, exponentials, and logarithms 93 


We determine first an explicit expression for p,. The recursion (8.3.3) 
shows the existence of integers a, b, such that 


Dn = On + bnet, (8.3.10) 
with ap = 1, bp = —1. From (8.3.3) we obtain 
Qns1 t+ base’ = (n+ 1)an + [(n +1)b, — Ie". (8.3.11) 
The irrationality of e produce the system 


Qn41 = (n+1)an, with ap = 1, (8.3.12) 
bait = (n+1)by —1, with by =—1. (8.3.13) 


The expression a, = n! follows directly from (8.3.12). To solve (8.3.13), define 
B,, := b,,/n! and observe that 


1 
24 =D, — ——, 3.14 
er (n+1)! eet) 
that telescopes to 
=¥ 4 
bn = —n! 5 ae (8.3.15) 
k=0 


We have shown: 


Proposition 8.3.1. The integral p, in (8.8.2) is given by 


1 | al 
a n! 
Dn =| we *dr= eS (: = d i) ‘ (8.3.16) 


We now determine a similar closed-form for g,. The recursion (8.3.4) shows 
the existence of integers Cn, dn, fn such that 


Gn = Cn + dpe + frgo- (8.3.17) 


In order to produce a system similar to (8.3.12,8.3.13) we will assume that 
the constants 1, e~+ and gg = —(y+ Ei(—1)) are linearly independent over Q. 
Under this assumption (8.3.4) produces 


Cnt. = (n+1)en4+n!, (8.3.18) 
eel 
dny1 = (n+1)e,—nl >> a (8.3.19) 
k=0 
fn41 = (n Tr 1) fn, (8.3.20) 


with the initial conditions co = 0, dp) = 0 and fp = 1. 
The expression f,, = n! follows directly from (8.3.20). To solve (8.3.18) 
and (8.3.19) we employ the following result established in [3]. 
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Lemma 8.3.2. Let an, by and ry, be sequences with an, bn #0. Assume that 
Zn satisfies 
AnZn = bnZm—1tTn,n>1 (8.3.21) 


with initial condition zo. Then 


by bg +++ by “ Q142°**QAk-1 
= —__$___— a ; 8.3.22 
@ 109 **- Gn (2+ bibo--- Dy n) ( ) 
We conclude that 
wll 
manly =, (8.3.23) 
k 
k=1 
and 
n i k-1 1 
dy = —n! S~ olen (8.3.24) 
k=1 j=0 


The expression for c,, shows that they coincide with the Stirling numbers of 
the first kind: cp, = |s(n + 1, 2)]. 


We have established 


Proposition 8.3.2. The integral qn in (8.3.1) is given by 


1 i l eae 
n= f xe “Inadz =n! e245 Fi + qo| - (8.3.25) 


Example 8.1. The expressions for p, and gq, provide the evaluation of 
4.351.1 in [40] 
1 
_ 
| (l—-a)e"*Inadzr = aN (8.3.26) 
0 é€ 


by identifying the integral as qq — qi. The recurrence (8.3.4) shows that 
go -% =—po =e 1, (8.3.27) 
as claimed. 


Example 8.2. The evaluation of 4.362.1 in [40] 


1 1 
‘| xe* In(1 — 2) dx = | (1 —t)e!* Int dt (8.3.28) 
0 0 


is achieved by observing that this integral is e(qo — qi) = 1-—e. 
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8.4 <A parametric family 


In this section we consider the evaluation of 


1 
Pr(a) := [ vemar (8.4.1) 


1 
Q,(a) | xe Ina da. (8.4.2) 
0 


The integrals g, considered in Section 8.3 corresponds to the special case: 
We now establish a recursion for Q, by differentiating (8.4.2). 


Lemma 8.4.1. The integral Qn(a) satisfies the relation 


Qnsa(a) =~ ZQn(a). (8.4.3) 


To obtain a closed-form expression for Q,(a) we need to determine the 
initial condition 


1 
Qo(a) = | e “Ina dz. (8.4.4) 


This is expressed in terms of the incomplete gamma function defined in 
8.350.1 by 


T(a, x) ay t-te dt. (8.4.5) 
Observe that ['(a,0) =T(a), the usual gamma function. 


Lemma 8.4.2. The initial condition Qo(a) is given by 


: 1 
Qo(a) = 7 e “"Inadx = a." (y+Ina+T(0,a)). (8.4.6) 


Proof. The change of variables t = ax yields 


1 f* 1 
Qo(a) = al e~'Intdt - — (1—e7*). (8.4.7) 
a Jo a 
Then ; = mo 
| e ‘Intdt= / e ‘Intdt — / e‘ Intdt. (8.4.8) 
0 0 a 
The first integral is 
/ e'Intdt = —4, (8.4.9) 
0 
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that simply reflects the fact that 7 = —I’(1). Integrating by parts yields 


/ e ‘Intdt =e~*Ina+T(0,a). 


The formula for Qo(a) is established. 


(8.4.10) 


O 


We now determine a closed-form expression for P,(a) and Q,,(a) following 


the procedure employed in Section 8.3. 


Lemma 8.4.3. The integrals P, and Q,(a) satisfy the recursion 


Pyii(a) = : ((n + 1)Pn(a) — e~*) 


Qn+i(a) = — ((n + 1)Qn(a) + Pa(@)). 


alr 


The initial conditions are given by 
Po(a) = “(1 —e*), and Qo(a) = =( +T(0,a) + Ina). 
Proof. Integrate by parts. 
We conclude that we can write 
Pr(a) = An(a) — Br(aje™, 
and 
Q,(a) = C,(a) — Dy(a)e~* — E,,(a)(y + T'(0, a) + Ina). 


Lemma 8.4.4. The recursions (8.4.11) and (8.4.12) imply that 


Ansi(a) = “(n+ 1)An(a), 

Busia) = = [(n+1)Ba(a) +1), 
Cosi) = = [(n+1)Cn(a) + An(a)], 
Dysi(a) = =[(n+1)Dn(a) + Bala), 
Basta = “(n+ 1)Eq(a) 


with initial conditions 


Ao(a) = Bo(a) = Eo(a) . and Co(a) = Do(a) = 0. 
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These recursion can now be solved as in Section 8.3 to produce a closed- 
form expression for the integrals P,,(a) and Q,(a). We employ the notation 


n 1 
H, = — Al 
»=>t (8.4.18) 
k=1 
for the harmonic numbers and 

nm ak 
Exp,,(z) = ap (8.4.19) 

k=0 ~ 


for the partial sums of the exponential function. 


Theorem 8.4.1. Letae R andn EN. Then 


1 
P(e) = | ee mac [1 —e~°Exp,(a)] , (8.4.20) 


al 
A, =Gia)=e S- 7 EtPR-1 (4) i 


1 | 
n! 
Avene Tr ar fas 
Qn(a) =| ce Inadx = wal 
0 k=l 


where G(a) = —aQo(a) = 7 +P (0,a) + Ina. 
These expressions provide the evaluations of two integrals in [40]. 


Example 8.3. Formula 4.351.2 states that 
: 1 
| e **(—az? + 2x) nz dx = — [-1+(1+a)e~*]. (8.4.21) 
(0) a 
In order to verify this, observe that the stated integral is 


1 1 
-a | ze Ing da + af se “" Ina dx = —aQo2(a) + 2Qi(a). (8.4.22) 
0 0 


The expressions in Theorem 8.4.1 now complete the evaluation. 


Example 8.4. Formula 4.353.3 in [40] gives the value of 


1 
I,(a) = | (-ax+n4+1)a"e~ Inada. (8.4.23) 


Observe that 
In(a) = —aQn4i(a) + (n+ 1)Qn(a), (8.4.24) 


and using the recursion (8.4.12) we conclude that I,(a) = —P,(a). The ex- 
pression in Theorem 8.4.1 is precisely what appears in [40]. Mathematica gives 


the value i 
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We conclude with the evaluation of a series shown to us by Tewodros 
Amdeberhan. Expand the exponential term in (8.4.21) and integrate term by 
term to obtain 


(=a)F 
— k(n +1 +k) 


3 


n! 


rs (v0 +1)4+Ina+T(0,a)+e% 


Here 


is the digamma function defined in 8.360.1 of [40]. the identity 
v(in+1)=HAn-7, (8.4.28) 


that is a direct consequence of the functional equation ['(a# + 1) = aI (x) and 
I’(1) = —7, was used to transform (8.4.26). 


The identity (8.4.26) can be used to provide multiple expressions for the 
incomplete gamma function, such as 


se a = (gers _o we Exp;_ (a) 
| = dx Ds inte ep tnt )-Ina-e 2B ; : 
(8.4.29) 
and the special case for n = 0: 
co e7# (—1)*a k+1 
dx = — ] ——______. 8.4.30 
[ 7 a nat dy ot (e+ 1) ee) 


Note. Mathematica evaluates all the entries of [40] discussed in this chapter. 
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Chapter 9 


Combinations of logarithms, rational 
and trigonometric functions 
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9.1 Introduction 


The table of integrals [40] contains many examples of the form 


b 
i: Ri(a) (In Ro(a))"™ dx, (9.1.1) 


where R; and Ro are rational functions, a, b € Rt and m € N. For example, 


4.231.1 states that , ' 
Inad 
| see (9.1.2) 
9 l+z2 12 


This result can be established by the elementary methods described here. 
Other examples, such as 4.233.1 


!  Inadz 2 (21? 
[eee-3(F-+@), ee) 
and 4.261.8 F de 
9 1-2 8V3n° + 351¢(3) 


require more sophisticated special functions. Here w is the digamma function 
defined by 


v(z) = (9.1.5) 


99 
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and ¢(s) is the classical Riemann zeta function. These results will be described 
in a future publication. 

The integrals discussed here can also be framed in the context of trigono- 
metric functions. For example, the change of variables x = tant yields the 


identity 
1 i d m/4 
| — | In tant dt = —G. (9.1.6) 
Here G is the Catalan’s constant defined by 
ee 


In this paper we concentrate on integrals of the type (9.1.1) where the 
logarithm appears to the first power and the poles of the rational function are 
either real or purely imaginary. The method of partial fractions and scaling of 
the independent variable show that such integrals are linear combinations of 


> Intdt 
igi) ——— 9.1.8 
20= ff AS (9.1.8) 
and : 
Int dt 
hn.2(b) = ——_—_—. 9.1.9 
20)= | ae (9.1.9) 


The function hy, was evaluated in [64], where it was denoted simply by h. We 
complete this evaluation in Section 9.4, by identifying a polynomial defined 
in [64]. The closed-form of hy; involves the Stirling numbers of the first kind. 
The evaluation of hy,2 is discussed in Section 9.6. The value of h,,,2 involves 
the tangent integral 


* ten ty 
Tig(x) = | = (9.1.10) 
0 


The case of integrals with more complicated pole structure will be de- 
scribed in a future publication. 


9.2 Some elementary examples 


We begin our discussion with an elementary example. Entry 4.291.1 states 


that : . 
i: ee (9.2.1) 
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To establish this value we consider first a useful series. The result is expressed 
in terms of the Riemann zeta function 


“1 
¢(s):= 5° a (9.2.2) 
k=1 
Lemma 9.2.1. Let s > 1. Then 
oo =) k gs-l_ 4 
k=1 
and 
= 1 2°—1 
k=1 
Proof. The second sum is 
co 1 co 1 co 1 = 
k=1 k=1 k=1 
To evaluate the first sum, split it into even and odd values of the index k: 
Dae Da ope 22 GEE (9.2.6) 
k=1 k=1 k=1 
and use the value of the first sum. O 


To evaluate (9.2.1) we employ the expansion 
In(l+<x) = s es aa (9.2.7) 
7 a2, 
k=1 
and integrate term by term we obtain 


[ In(1 +2) hie = (—1)* 
; —__— : 


x k2 
k=1 


(9.2.8) 


The result now follows from the lemma and the classical value ¢(2) = 1/6. 


A similar calculation yields 4.291.2: 


1 2 
In(1 — 
| A ies (9.2.9) 
) x 6 
The change of variables x = e~* produces the evaluation of 4.223.1 
ee) 12 
| In(1 + e~*) dt = — (9.2.10) 
0 12 
and 4.223.2: 7 . 
| In(i—e) d= —2. (9.2.11) 
0 6 
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9.3. More elementary examples 


In [64] we analyze the case in which the rational function R; has a single 
multiple pole and R2(x) = x. There are simple examples where the evaluation 
can be obtained directly. For instance, formula 4.231.1 states that 


1 l 2 
, ly Fe (9.3.1) 
0 


This can be established by simply expanding the term 1/(1+.) as a geometric 
series and integrate term by term. The same is true for 4.231.2 


1 Ina qn 
| fog OG (9.3.2) 
The evaluation of 4.231.3 
1 
| cm dx =1—- (9.3.3) 
and 4.231.4 oe 2 
| = Ingdr=1--—, (9.3.4) 


follow directly from (9.3.2). Similar elementary algebraic manipulations pro- 
duce 4.231.19 


1 2 
l 
i — dx = -1+5, (9.3.5) 
and 4.231.20 i . 
i Cosine de =1-— i (9.3.6) 
0 
The same is true for 4.231.14 
1 2 
xz lnaz 7 
and 4.231.15 
lolne 1? 
= dz = — 54? (9.3.8) 


via the change of variables t = x”. 


The evaluation of 4.231.13: 


1] 2 
, ce (9.3.9) 
0 
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is a direct consequence of the partial fraction decomposition 
1 1 1 1 


1 
1-22 2l—-x 214+z 
and the identities (9.3.1) and (9.3.2). 


(9.3.10) 


It is often the case that a simple change of variables reduces an integral to 
one that has previously been evaluated. For example, the change of variables 
t = 1— 42? produces 


1 2 1 
In(1 — 1 Int dt 
| ae ee >| a (9.3.11) 
0 x 2 0 1-t 
The right-hand side is given in (9.3.2) and we obtain the value of 4.295.11: 
1 2 2 
In(1 — x*) 1 
aS dy = = 3.12 
| - x D (9.3.12) 


9.4 A single multiple pole 


The situation for a single multiple pole is more delicate. The pole may be 
placed at « = —1 by scaling. The main result established in [64] is: 


Theorem 9.4.1. Let n > 2 and b> 0. Define 


b 
Int dt 
An a(b) = —_— 9.4.1 
= | (9.4.1) 
and introduce the function 
Qn(b) = (1+ 5)" * An 1 (6). (9.4.2) 
Then 
dn(b) = X,(b) nb + Y,,(b) In(1 + b) + Z,,(0), (9.4.3) 
where py | pnd 
1+b)"-1-1 1+b)"- 
X,,(b) 4 » Yn(b) = rE ia (9.4.4) 
Finally, the function 
T,(b) = —-————,, A, 
(0) b(1 + b) ee) 


satisfies T2(b) = 0 and for n> 1 tt satisfies the recurrence 
14+56)"-1 
Tn42(b) = n(1 + b)Tn41(b) + (n— D! (on) (9.4.6) 


It follows that T,(b) is a polynomial in b of degree n — 3 with positive integer 
coefficients. 
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Note 9.4.1. The case n = 1 is expressed in terms of the polylogarithm func- 
tion 


OO Lk 
z 
P = —, A, 
olyLog|n, z] S- i (9.4.7) 
k=1 
Indeed, we have 
> Ing 
dx = Inb In(1 + b) + PolyLog[2, —6). (9.4.8) 
9 1+2 


We now identify the polynomial T,, in (??). The first few are given by 


T3(b) = 1, (9.4.9) 
Ti(b) = 3b+4, 
Ts(b) = 1167+ 27b+18, 
Te(b) = 50b* + 176b? + 216b + 96. 
For n > 2, define 
i 
An(b) = ae aiin(d). (9.4.10) 


Then (9.4.6) becomes 


(1+5)"-1 


An+2(b) = (1 + b)An4i(b) + . (9.4.11) 
with initial condition A2(b) = 0. 
The polynomial A, is written as 
n—3 
An(b) = So an,gb? (9.4.12) 
j=0 
The recursion (9.4.11) produces 
Lemma 9.4.1. Let n> 4. Then the coefficients an; satisfy 
Qn0 = Gn—-1,0 + a, (9.4.13) 


(n — 3)! : 
Gris ESTE 


An = Gn—1,j7 + An-1,j-1 + 


Qnyn—3 = OAn—-1,n—4 =F a 2° 


The expressions @y,9 = n — 2 and @yn.n—-3 = Hn—2, the harmonic number, 
are easy to determine from (9.4.13). We now find closed-form expressions for 
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the remaining coefficients. These involve the Stirling numbers of the first kind 
s(n, 7) defined by the expansion 


@Ga=> say, (9.4.14) 


where ()p, := @(a@ +1)(a + 2)---(a@+n-—1) is the Pochhammer symbol (also 
called rising factorial). The numbers s(n, 1) are given by 
s(n, 1) = (-1)""*(n- 1), (9.4.15) 
and the sequence s(n, 7) satisfies the recurrence 
s(n + 1,7) = s(n,j — 1) — ns(n, J). (9.4.16) 


Theorem 9.4.2. The coefficients an,; are given by 


an,j = ae _ s(j + 2,2). (9.4.17) 
Proof. Define : 
; n—2\— 

bn,j = (—1)?an,j x (9 + m(" n ) (9.4.18) 


The recurrence (9.4.13) shows that b,,; is independent of n and satisfies 
bn,j+1 = —Jbn,j + (-1)t"9! (9.4.19) 


and this is (9.4.16) in the special case 7 = 2. Formula (9.4.17) has been 
established. oO 


We now restate the value of hy. The index n is increased by 1 and the 
identity |s(n, k)| = (—1)"**s(n, k) is used in order to make the formula look 
cleaner. 


Corollary 9.4.1. Assume b>0 andn€ R. Then 


> Intdt 1 1 
loa ~ ta (9.4.20) 
0 


The special case 6 = 1 provides the evaluation 


'  intdt In2 n—-1 
[ae--+- = aw ist ey te) 


© 2015 by Taylor & Francis Group, LLC 


106 Special integrals in Gradshteyn and Ryzhik. The proofs. Volume 1 


Elementary changes of variables, starting with t = tan? y, convert (9.4.20) 
into 


[ yt we = 2 ae) aj (9.4.21) 


1 fad 
= ~~ al"; is +1,2)1e"*44a — ay, 
J 


The special case a = 1/2 produces 


1 n-1 (n-1 ; 
a 1 (is +1,2)| (an -1) 
| s*-*In(1 — s) ds = re 5 rr ee Sa sane 

/2 j=l 


and a = 0 gives 


[ s"-1In(1 — s)ds = — (< + an ; (9.4.22) 


9.5 Denominators with complex roots 


In this section we consider the simplest example of the type (9.1.1), where 
the rational function R,(a) has a complex (non-real) pole. This is 


1 
l 
a=- | ay 
0 14+ 2? 


The constant G is called Catalan’s constant and is given by 
so (9.5.1) 


Entry 4.231.12 of [40] states 


' Ing 
—~ dx = -G. 52. 
: im! G (9.5.2) 


To verify (9.5.2) simply expand the integrand to produce 


ling dx - 
= = (-1)* | x" Ina dx 
{oS = -Loo/ 


= = Set [se ereas 


k=0 0 
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The integral is evaluated by integration by parts or recognizing its value as 
T(2) = 1. 


Integration by parts gives the alternative form 


1 -1 
| a ae (9.5.3) 
0 xv 


that appears as 4.531.1. 


There are many definite integrals in [40] that are related to Catalan’s 
constant. For example, the change of variables t = 1/z yields from (9.5.2), the 


value de agin 
n 
=G. 9.5.4 
| 1+? ( ) 
This is the second part of 4.231.12. Adding these two expressions for G, we 
conclude that ine 
nazdz 
=0. 9.5.5 
[os (9.5.5) 


The change of variables x = at in (9.5.2) yields 4.231.11: 
[ In dx mina G 
0 


e+e 4a a oe) 


We now introduce material that will provide a genaralization of (9.5.5) 
to the case of a multiple pole at i. The integral is expressed in terms of the 
polygamma function 


va) = (9.5.7) 


Lemma 9.5.1. Let a,b € R. Then 


fe, ame ip ioe 
o (+e) 21'(b) = 
Proof. Define 
cc t* dt 
= 9.5.9 
fla,d)= fos (9.5.9) 
re d {Int 
“In 
— b) = dt 9.5.10 
sfan= [ars (9.5.10) 
In particular, 
°° Int dt 
— b = 9.5.11 
Tat ) i (1+?) ( ) 
The change of variables s = t? gives 
1 f® s@-D/2 gs 
b) == ——_—_. 5.12 
fa.)=5 f 5 (9.5.12) 
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Now use the integral representation 


co gt-lds 
B = ——_—_—_. 9.5.13 
w= f os (9.5.13) 


(given in 8.380.3 in [40] and proved in [67]) with u = (a+ 1)/2 and v = 
b— (a +1)/2 to obtain 


a+ 1 a+1 T((a + 1)/2) T(b — (a + 1)/2) 
b) = B | ——,b- = 2... (9.5.14 
f(a,t) = B (Sp S52) oo (9.5.14) 
Therefore 
°° Intdt d 
Or = lla) 9.5.15 
i cme = afl), (9.5.15) 
1 / / 
= ~I"(b—(a+1)/2 
ary Plat Y/2)-MO— (+ /2)|__, 
Now use the relation I’ (a) = ¢(x)I'(x) to obtain the result. Oo 
The case b = n € N requires the value 
Jim (2n)! 
and 
(oe : =—-y-—2)ln2+2Ho, — Hy, (9.5.17) 
2  2k-1 , 


that appears in 8.366.3. Here H,, is the n-th harmonic number. The reader 
will find a proof of this evaluation in [22], page 212. A proof of (9.5.16) appears 
as Exercise 10.1.3 on page 190 of [22]. 


Corollary 9.5.1. Letn EN. Then 
Ina dz n (2n\< 1 
> = , 9.5.18 
fapeyncma() Daa O88 
We now provide a proof of Entry 4.231.7 in [40]: 


ae naz dz (n — 4) T a 4 
/ ee es (210 (F) -7- He -). 


a? + b?x?)" — A(n — 1)! a?"—1b 2b 


Taking the factor b? out of the parenthesis on the left and letting ¢ = a/b 
yields the equivalent form 


~~ Inaedx (n — 4)/r c ‘ 
[ ae = a (2m (§) -y- wn 9). 


c2 + ¢2)n 4(n — 1)! 
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It is more convenient to replace n by n+ 1 to obtain 


oo nadz (n+3)/7 c 1 
[eran EP 2m G) -7 048), 


Using (9.5.16) and (9.5.17) the requested evaluation amounts to 


oe Ina dz 7 2n ie 1 
f ayn = gen () (Ime- Dara) ee 


This can be written as 


°° Inedx 1 Qn 
To DARL POLAND Inc — H, 2Hon). 5.2 
Sees an « (Inc—Hn+2Hon)- (9.5.20) 


To establish this, make the change of variables x = ct to obtain 


~  Ineadz Inc f™ dx 1 ~~ Int dt 
0 (a? + ¢?)ntt a c2ntl 0 (t? + 1)r+ oe c2ntl 0 (t? +4 L)rth’ 


Using Wallis’ formula 


- dt T 2n 
7 (1 + ¢2)n+1 = san (""). (9.5.21) 


the required evaluation now follows from Corollary 9.5.1. 
The special case n = 0 yields 4.231.8: 


~~ Ina dx is a 
eee a, 522 
: a+ ba ab \bd ee) 
This evaluation also appears as 4.231.9 in the form 
“Inprdxr 
= — Inpgq. 9.5.23 
| eet og ( ) 


9.6 The case of a single purely imaginary pole 
In this section we evaluate the integral 
b 
Int dt 
hn,2(a, b) - | aay (9.6.1) 


for a,b > 0 and n EN. This is the generalization of (9.4.1) to the case in 
which the integrand has a multiple pole at t = za. The change of variables 
t = ax yields 

hig.a(a, b) = 0 2"-* 9, (6/4); (9.6.2) 
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where 


In() = [ ena (9.6.3) 


2+ lyri 
The goal is to produce an analytic expression for g,,(). 


Note. Mathematica gives the expression 
~ g2(nFl) 

b Inb 4 n+l] 0B? 
+ caer oft ( Z I 


We produce first a recurrence for the companion integral 


b 4 
Ana(a, b) = Fl) 3h 


Nw le 
wo 3 
+ 
ra 

| 
| ~ 
wo 
NS 


fn(@) = a aT (9.6.4) 
Lemma 9.6.1. Letn € N and x > 0. Then 
2nfn(w) = (2n — 1) fr—a(a) + ear (9.6.5) 
and fo(x) =tan7! 2. 
Proof. Integrate by parts. O 


The recurrence (9.6.5) is now solved using the following result established 
in [3]. 


Lemma 9.6.2. Let n € N and define ; = 273 (A). Suppose the sequence 
Zn satisfy the recurrence 2nz, — (2n —1)zn-1 =n, with ry given. Then 


-_ 1 n ART 
zn = (2+ 7 , (9.6.6) 


We conclude with an explicit expression for f;, (a). 


Proposition 9.6.1. Letn © N. Then 


x dt _ ee i n 925 " 
| (4 enti gan — o+ 35) Grip (9.6.7) 


Note. This expression for f,, appears as 2.148.4 of [40] in the alternative 
form 


(9.6.8) 


a dt _ pee (Qn+1)!! (n—k)! 1 
9 (l+e)e41 oe +1 (Qn-2k+ (Qn—2k+1)! Wnt (1+ a2)nti-k 
(Qn —1)! N 


"Onn! 
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Mathematica gives the expression 


o dt 3 n+l1/ 4 
2 


We now produce a recurrence for the integral g,,(). 


Lemma 9.6.3. Let n € N. Then the integrals g,(x) satisfy 


2ngn(a) — (2n — 1)gn—1 (a) = 2nInaf,(x) — [(2n — 1) Ine + 1] fr—i(z). 
(9.6.10) 
Proof. Integration by parts yields 
° dt 
Gn(x) = fn(a) na — frlt)—. (9.6.11) 
0 

From the recurrence (9.6.5) we obtain 
an fi fn(t)— — (2n — 1) ff tl o = fe 1(x). (9.6.12) 
Now replace the integral term from (9.6.11) to obtain the result. O 


In order to produce a closed-form expression for g,,(a) using Lemma 9.6.2, 
we need the initial condition 


“ Int dt 


Lemma 9.6.4. The function gn(x) is given by 


= n+k g2ktl 1 
eae 6.14 
= ae ) Fa (#2 2k +1 Goa) 


k=0 


Proof. The binomial theorem gives 
= +k 
1442)" = Srey (TY 42, 9.6.15 
ate t= Cp"? (9.6.15) 


The expression for g,(a) now follows by integrating term by term and the 


evaluation 
: 2k int dt = | 1 : — (9.6.16) 
t = — ——_ | ——_.. 6. 
i ne Oe+1) Wk+1 


O 
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In particular, the initial condition go(a) of the recurrence (9.6.10) is given 
by 


go(t) = Inxtan~' x — Tig(z), (9.6.17) 
where — ; 
 (—1) a? a tan *¢ 
T = ——_—— = dt 9.6.18 
io(z) d (2k + 1)? , t ( ) 


is the tangent integral. 


The recurrence (9.6.10) is now solved using (9.6.2) to produce 


ey) n 924 


Pm 2298) 


[{29f5 (x) — (29 — 1) fj-1(@)} nx — fj-1(x)). 
Using the recurrence (9.6.5), this can be written as 


n 


In(x) = on go(x) + 725 
2 a 257) 


Ga a ee ate) ; (9.6.19) 


Solving the recurrence yields: 


Theorem 9.6.1. Letn € N. Define the rational function 


i gk x 
p;(z) = > ae) Uae (9.6.20) 


Then the integral gn(x) is given by 


*  Intdt lew) tan! 2 + pe_1(z) 
ii (1+ ¢2)r41 Q2n go(x) + Pn(x) na a oe — 1 


Note 9.6.1. The special case x = 1 in (9.6.1) produces 


'  Intdt _on (2n + pr-i(1) 
0 k=1 


The values 
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do not admit a closed-form, but they do satisfy the three-term recurrence 
(2n + 1)pn41(1) — (82 + 1)pp(1) + npn_1(1) = 0. (9.6.23) 


The reader is invited to verify the expansion 


lee) k 2 eee 2 
S- aa = eye Su ee) (9.6.24) 
ea BG) v4—a 
from which it follows that 
3 ot (9.6.25) 
2k ee . . 
mak)? 
An alternative derivation. Integration by parts produces 
b b/ Ja -1 
Insd 1 b 1 t 
| Se a hia — | ae (9.6.26) 
0 ta va Va Va Jo x 


Differentiating n-times with respect to a and using 


d\? 1 (19 (27)! fd\? 1 (-2853! 
da} Va j!22Jai+1/2’ \da} b?+a  (b? + a)s+1’ 


and 
d a) 1 b “ jo} ‘es 
aiaue tan” ~ — = (—1)%(7 —1)!b eS an 
(=) an F ( ) Qj ) » Q2k+1 gk+1/2(p2 its a)i—k? 


we obtain 


ra ede. = et ee 
o rae een vay 


bind Fr-n(@) 5 F,(a) 
k 24 (8 4a)r-3 


k=1 j= 


14 Fy_x(a) ee: 
ae LHe) | (2+ aye 


with F(a) = 2~%7a~J—1/2 (77). The last integral in this expression can be eval- 
uated using Proposition 9.6.1 to produce a generalization of Theorem 9.6.1. 
We have replaced the parameter a by a? to produce a cleaner formula. 


© 2015 by Taylor & Francis Group, LLC 


114 Special integrals in Gradshteyn and Ryzhik. The proofs. Volume 1 


Theorem 9.6.2. Let a,b€ R withb>0 andne€N. Introduce the notation 


(7) 


Then 
In sds = 
(, (s? + a2)n+1 — F,,(a) In btan ‘(b/a) 
4, binb ys Fn-x(a) = Fifa) 
2 ar k ca (a? + b?)r-1 
b/a -1 
_ Fa(a) f tan © ae 
0 x 
_ n F,_ rs k-1 
— 5 tan™*(b/a) (x: Ht ) FCF) 
k=1 j=0 
b n F,_x(a) k-1 k—j-1 1 
_ Ea 24 i eae 2 rF,(a)(a2 +62)" 


9.7 Some trigonometric versions 


In this section we provide trigonometric versions of some of the evaluations 
provided in the previous sections. Many of these integrals correspond to special 
values of the Lobachevusky function defined by 


L(x) := -{ Incost dt. (9.7.1) 
0 


This appears as entry 8.260 in [40] and also as 4.224.4. The change of vari- 
ables t = 1/2 — x provides a proof of 4.224.1: 


| Insint dt = L (a/2 — a) — L (n/2). (9.7.2) 
0 
The special value 
n/2 rT 
L (n/2) = | Insin a dx = a) In2, (9.7.3) 
0 


appears as 4.224.3. The change of variables t = 5 — a yields 4.224.6: 


n/2 7 
i Incos az dz = 737 nz. (9.7.4) 
0 
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To establish these evaluations, observe that, by symmetry, 


n/2 n/2 m/2 
2 | Insinadr = | In sin x dx + | Incos x dx 
0 0 0 


n/2 : 
- In (=) ‘is 
0) 2 


n/2 7 
= | In(sin 2x) dx — ~—In2. 
0) 2 


Now let ¢ = 2a in the last integral to obtain the result. 


Combining (9.7.1) and (9.7.2) we obtain 4.227.1 


| In tana dx = L(u) + L(r/2—u) + 5 in. (9.7.5) 
0 
The identity (9.1.6) and the evaluation (9.5.2) yield the value of 4.227.2: 


m/A 
7 Intant dt = —G. (9.7.6) 
0 
Now observe that 
m/A m/4 m/A 
| In tant dt = | Insint dt — | Incost dt = —G (9.7.7) 
0 0 0 
and 
n/2 m/4 m/A a 
i, Insint dt = / In sin t dt +f Incost dt = 3 In2. (9.7.8) 
0 0 0 


Solving this system of equations yields 


n/4 
| ey ee ec (9.7.9) 
‘ 4 2 
that appears as 4.224.2 in [40] and 
m/4 
| ee ee eed (9.7.10) 
; 4 2 
that appears as 4.224.5. 
We now make use of the identity 
cosa — sina = V2cos(x + 1/4) (9.7.11) 
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to obtain 


m/4 n/2 
| In(cosa —sina)dx = + i In cos(x + 7/4) 
0 0 


cola ola 


n/2 m/4 
n2+ | incostat — [ Incost dt. 
) 0 


The first integral is given in (9.7.4) as —4 In 2 and the second one as —4 In2+ 


in (9.7.10). We conclude with the evaluation of 4.225.1 


m/4 G 
| In(cosx — sinz) dx = = In2——. 
0 8 2 
A similar analysis produces 4.225.2: 
m/4 
i iiGoisecinee ee 
0 8 2 


These evaluations can be used to produce 4.227.9: 


m/4 7 
| In(1 + tana) dx = g n2, 
0 


and 4.227.11: i 
i, In(1 ~ tan) de = 7 m2~G. 
0 


To prove these formulas, simply write 


In(1 + tan) = In(cos+sin 2) — Incosz. 


The same type of calculations provide verification of 4.227.13 


n/4 
F) In(1 + cote) de = 7 n2+G 
0 


and 4.227.14 ja 
| In(cot x — 1) dx = 7 in2. 
0 8 


The next example of this type is 4.227.15: 


n/4 
| In(tan x + cot x) dx = 7 2, 
0 


This is evaluated by writing the integral as 


m/4 n/2 i 
-| In(sin x) dx — / In(cos x) dx = = In2, 
0 0 2 
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(9.7.13) 


(9.7.14) 


(9.7.15) 


(9.7.16) 


(9.7.17) 


(9.7.18) 


(9.7.19) 


(9.7.20) 


Combinations of logarithms, rational and trigonometric 117 


using (9.7.9) and (9.7.10). 
The evaluation of 4.227.10 


n/2 
| In(1 + tan x) dx = “In? aad (9.7.21) 
0 
follows from the integrals evaluated here. Indeed, 
n/2 n/2 n/2 
| In(1+tanz)dr = | In(sin z + cos x) dx — | In(cos x) da 
0 ) 0 


m/4 n/2 
= 2 | In(sin a + cos x) ax [ In(cos x) da 
0 0 
T G T 
= 2/-—— = = 
( gina+ +) +52 


where we have used (9.7.4) and (9.7.13). 
The identity (9.5.5) yields 


m/2 
| Intant dt = 0. (9.7.22) 
0 
The apparent generalization 
m/2 a 
| In(atant) dt = 5 ma, (9.7.23) 
0 


with a > 0, appears as 4.227.3. 


The evaluations (9.7.9) and (9.7.10) can be brought back into rational 
form. The change of variables t = tan~! u produces from (9.7.10): 


T G 1 f* In(1+u?) 
a —=-— J ——~ dy. .7.24 
qimets 5 | iam (9.7.24) 
We have obtained a proof of 4.295.5: 
1 2 
In(1 
| TO) ye (9.7.25) 
0 1+ x? 2 
The change of variables t = 1/z and (9.5.4) yield 4.295.6: 
© In(1 + t?) 1 
—— dt = -In2+G. 9.7.26 
/ 1+? ail ee 


There are many other integrals that may be evaluated by the methods 
reported here. For instance, integration by parts yields 


| t cottdt =a Insina| -f In sin ¢ dt. (9.7.27) 
0 o 0 
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Using (9.7.2) we obtain 


i; tcottdt =x Insine ~L(S—a2) +22, (9.7.28) 
0 


In particular, from L(0) = 0, we obtain 3.747.7: 


n/2 
| oe TG, (9.7.29) 
9 tant 2 
The change of variables u = sina produces from here the evaluation of 
4.521.1: rl 
Rees 
| ae du==n2. (9.7.30) 
0 U 2 


Note. Mathematica evaluates all the entries in this chapter. The Lobachevsky 
function is expressed in terms of polylogarithms by the identity 


L(x) = a [n? + 12x? + 24ix In (2c) + 12PolyLog (2, —e”**)] . 
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Chapter 10 


The digamma function 
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10.1 Introduction 


The table of integrals [40] contains a large variety of definite integrals that 
involve the digamma function 


d I’ (x) 
= — logI(x) = 10.1.1 
W(e) = Floel(@) = 5 (10.1.1) 
Here ['(x) is the gamma function defined by 
T(z) =| pete" ah, (10.1.2) 
0 


Many of the analytic properties can be derived from those of I'(a). The 
next theorem represents a collection of the important properties of I'(x) that 
are used in the current paper. The reader will find in [22] detailed proofs. 


Theorem 10.1.1. The gamma function satisfies: 
a) the functional equation 
T(a@+1) = aI (2). (10.1.3) 
b) Forn EN, the interpolation formula T(n) = (n — 1)!. 
119 
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c) The Euler constant 7, defined by 


i Kd 
y= Jim > zk Inn, (10.1.4) 
k=1 
is also given by y = —I’(1). This appears as the special case a = 1 of formula 
4.331.1: 3 ' 
| e ““Inadz= ao (10.1.5) 
0 a 


This was established in [66]. The change of variables t = ax shows that the 
case a = 1 is equivalent to the general case. This is an instance of a fake 
parameter. 


d) The infinite product representation 


yx 


T(z) = — Il (1+ 7) ev (10.1.6) 
k=1 


is valid for x € C away from the poles at x = 0, —1, —2,... 


e) Forn EN we have 
(2n)! 


~ 22 n! 


Va (10.1.7) 


and P 
Tm 
go ml 


Gayl Vi. (10.1.8) 


Pr (5-7) =(-1) 


f) Forx €C,x ¢Z we have the reflection rule 


T(e#)P(1—2) = — 


sintTx | 


(10.1.9) 


Several properties of the digamma function ~(«) follow directly from the 
gamma function. 


Theorem 10.1.2. The digamma function u(x) satisfies 
a) the functional equation 


w(x +1) = (a) +=. (10.1.10) 
b) Forn EN, we have 
n—-1 1 
v(n) =—7+ Diz. (10.1.11) 
k=1 


In particular, w(1) = -7. 
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c) For x € C away from « = 0, —1, —2,--- we have 
waz) = aa: s : (10.1.12) 
1) Say * 2 keh) AL, 
Sf 1 1 
= -1-)o(se3-ea) 
k=0 
d) The derivative of w is given by 
Vee 3 a (10.1.13) 
eT (a + k)? 


In particular, w' (1) = 7? /6. 
e) Forn €N we have 


n 


1 
-+n)=—y—2in2 25 ——.. 10.1.14 
v3 n) 7 ee oy 2k -1 a ) 
In particular, 
w($) =-y-2In2. (10:1.15) 


f) Forx €C, x ¢Z we have the reflection rule 


w(1—2«) = (a) +7 cot ra. (10.1.16) 


10.2. A first integral representation 


In this section we establish the integral evaluation 3.429. Several direct 
consequences of this formulas are also described. 


Proposition 10.2.1. Assume a> 0. Then 
ba -—2£ —a dx 
fe” — (1+. 2)7"] = W(a). (10.2.1) 
0 


Proof. We begin with the double integral 


/ [ etataz= | i (10.2.2) 
0 1 0 z 
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s co 5 dt 
/ | ededt = | —=lIns. (10.2.3) 
1 0 Hl t 


On the other hand, 


We conclude that 


/ SS dz =Ins. (10.2.4) 
0 z 
This evaluation is equivalent to: 
co .-axr _ ,—bex b 
| oS de =In-, (10.2.5) 
0 ax a 


that appears as formula 3.434.2 in [40]. The reader will find a proof in [66]. 
We now establish the result: start with 


Co 
if e °s*-!Insds 
0 


I"(a) 


ll ll 
o— oo“, 
3 38 
™~. ®) 
a 
| a 
: i 
om Rh 
8 
w 
S 38 
A ® 
o | 
| x 
= 9, 
| Ni 
w 
os Q 
8 xR 
a Qa 
: H 
A 
fan} 
I 
w 
“= 
+ 
& 
Q 
& 
Ne 
Q 
XTR 


This establishes (10.2.1). Oo 


Example 10.1. The special case a = 1 yields 


~ 1 dx 
Te —_—= -*%). 1 2: 
i (« =) - eaee) 


This appears as 3.435.3. 


Example 10.2. The change of variables w = — In x gives the value of 4.2775.2: 


Gees) lee eer 0 


(10.2.7) 
Example 10.3. The change of variables t = 1/(a + 1) in (10.2.1) yields 


3.471.14: 
po: ae = 10.2.8 
“ft = . 2. 
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Example 10.4. The result of Example 10.1 can be used to prove 3.435.4: 


= 1 dx a 
—bx 
— —— | — =ln-—¥. 10.2. 
| (« —} oa (10.2.9) 


Indeed, the change of variables t = ba yields from (10.1) the identity 


ia a ~|=CUlt («ae Lr a 1 dt 
eo" — —= e * — ———— | — 
0 l+azx/) « 0 1l+at/b/ t 


co p-t _ p,—at/b love) 1 dt 
=| as a+ | gee ane) 
0 t 0 1+ at/b t 


Formula (10.2.5) shows the first integral is In ¢ and the value of the second 
one comes from (10.1). 


Example 10.5. The evaluation 3.476.2: 


ad P qd d —— 
| Cae —¢? ) ae Fy (10.2.10) 
) Pq 


ax 


comes directly from (10.2.1). Indeed, the change of variables u = x? yields 


i —aP —x4 dx 1 = —u —ul/P du 
I:= (c =€ )S=- (c —e )= 
) 7 P Jo U 
Now write 
1 ia ae 1 du 1 a ( 1 i) du 
T=- e *—~——— |] —4- —e —. 
P Jo l+u/ uu pio 1l+u u 
The first integral is —y by (10.2.6) and the change of variables v = u4/? gives 
1° 1 d 
r= -t42f (Loa-e)2 
P ado 1+ vP/4 vu 
ee ad oa | _\ dv 1 [ v — vP/4 
= -t42 Set) ee aS iy 
a (= . ) » 4 9 v(1+v)(1+4+ vP/4) . 
Split the last integral from [0,1] to [l1,oo) and use the change of variables 


xt++ 1/x in the second part to check that the whole integral vanishes. Formula 
(10.2.10) has been established. 


Example 10.6. Formula 3.463: 
| (ie = e*) a (10.2.11) 
0 2 


corresponds to the choice p = 2 and gq = 1 in (10.2.10). 
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Example 10.7. Formula 3.469.2: 
a d. 
| (e-** - et)S_ zal (10.2.12) 
0 


corresponds to the choice p = 4 and gq = 1 in (10.2.10). 


Example 10.8. Formula 3.469.3: 


[ (e-** -e-**) < =F (10.2.13) 
0 


corresponds to the choice p = 4 and q = 2 in (10.2.10). 


Example 10.9. Formula 3.475.3: 
i Ca = an) MF at 5 Me (10.2.14) 
0 x 
corresponds to the choice p = 2” and q = 1 in (10.2.10). 


The case p = q in (10.2.10) is now modified to include a parameter. 


Proposition 10.2.2. Let a, b, p€ R*. Then 3.476.1 in [40] states that 


oo - é ] —] 
| [es _ ect dz _ Inb—-Ina (10.2.15) 
5 x Pp 


Proof. The change of variables t = ax? gives 


7 ae _ 7 ot GL = ~ | oe _ gus) — 
0 Zp Jo t 
Introduce the term 1/(1+ t) to obtain 
re ~[- ee s-i[" enota__ 1 \ dt 
Dp Jo 1+t/ t pio 1+t/ ¢t 
y 1 [ as b ds 
— —— — — e = — 
p Dio b+as/] s 
Adding and subtracting the term 1/(1 + s) produces 


== / (o-)* (10.2.16) 
DJo b+as 1+s/) s 


The final result now comes from evaluating the last integral. oO 
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We now present another integral representation of the digamma function. 


Proposition 10.2.3. The digamma function is given by 


w(a) = i. (< ae ) dec. (10.2.17) 


x l-—e=* 
This expression appears as 3.427.1 in [40]. 


Proof. The representation (10.2.1) is written as 


e—Z - dz 
= li dz — ————- 10.2.1 
va) =m faz | eae (10.2.18) 


to avoid the singularity at z = 0. The change of variables z = e* — 1 in the 
second integral gives 


CO 4-z co —at dt 
v(a)=lim | —dz -| — (10.2.19) 
60 J5 Zz In(1+6) l-e 
Now observe that 
In(1+6) ue 6 dt 
| <— at] < / S50; (10.2.20) 
5 t in(its) t 
as 6 + 0. This completes the proof. O 


Example 10.10. The special case a = 1 in (10.2.17) gives 3.427.2: 


se 1 1 
—-je*dr=y. 10.2.21 
Z (= =e dx = ¥ (10 ) 
Example 10.11. The change of variables t = e~* in (10.2.17) produces 
4.281.4: 
1 1 fe-1 d 
ss t= ; 10.2.22 
[Gat ta) t--v@ (10.2.22) 
Example 10.12. The special case a = 1 in (10.2.22) yields 4.281.1: 
1 
1 1 
— + — } dt=¥. 10.2.23 
i (= 1— ;) i ( ) 
Proposition 10.2.4. Let p,q € R*. Then 
1 p—1 q-1 
x x 
— =Inp—- : 10.2.24 
[ (Fee) =v (10.2.24) 


This appears as 4.281.5 in [40]. 
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Proof. Write 
1 p—1 q-1 1 q-1 1 j..p-1 _ 1 
| ae dx = f ae ee ax+ [ eT de. 
o0 \mae l1-a@ o \Inae 1l-a@ 0 Ina 
(10.2.25) 


The first integral is —y~(q) from (10.2.22) and to evaluate the second one, 
differentiate with respect to p, to produce 


d fist =1 : 1 
a Sie = a?! de = =, (10.2.26) 
dp Jo Ina 0 Pp 
The value at p = 1 shows that the constant of integration vanishes. The 
formula (10.2.24) has been established. O 


10.3. The difference of values of the digamma function 


In this section we establish an integral representation for the difference of 
values of the digamma function. The expression appears as 3.231.5 in [40]. 


Proposition 10.3.1. Let p, qe R. Then 
1 p-1 q-1 
ze — 2 
| Ae = 1-40. (10.3.1) 
0) —_ x 
Proof. Consider first 


I(e)= i a?*(1 — 2)" da — i at '(1—2)** da, (10.3.2) 


that avoids the apparent singularity at « = 1. The integral I(€) can be ex- 
pressed in terms of the beta function 


Bat = ie a —4(1— 2)?" da (10.3.3) 


as I(c) = B(p,€) — B(q,€), and using the relation 


Tal) 


Ba.) = Toap (10.3.4) 
we obtain 
I(e) =T(6) ( PO) a ) (10.3.5) 
7 I(p+e) T(qt+e)/° ~ 
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Now use I'(1 + €) = eI’ (e) to write 
iej=Tia} (oe eee 


and obtain (10.3.1) by letting e > 0. O 
Example 10.13. The special value (1) = —7 produces 


ty—gil 

| SE ear ay. (10.3.7) 
9 1-2 

This appears as 3.265 in [40]. 


Example 10.14. A second special value appears in 3.268.2: 


[ 1—z*% ote me ds b) _ (bd). (10.3.8) 
0 


1-2 
It is obtained from (10.3.1) by choosing p = b and g=a+b. 


Example 10.15. Now let g = 1 — p in (10.3.1) to produce 


1 get _ yo? 
i; ——_ dx = W(1 — p) — W(p) = rot zp. (10.3.9) 
0 1-2 


This appears as 3.231.1 in [40]. 


Example 10.16. The special case p = a+ 1 and g = 1 — a produces 
1 wa -—a 
2 — a 1 
| —— dx = (1 — a) — (1 +a) = rcot ma— -, (10.3.10) 
0 a 


where we have used (10.1.10) and (10.1.16) to simplify the result. This is 
3.231.3 in [40]. 


Example 10.17. The change of variables x = ¢® in (10.3.1) produces 


[ cies iar me Cad 162 (10.3.1) 
; 1—te a 


Now let p = 1,a =v and q = ¥ and the replace ys by p and v by q to obtain 


3.244.3 in [40]: 
1 4q—1 _ yp-1 1 
| aa ee ee (. +0 (£)) (10.3.12) 
0 i-# q q 
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Example 10.18. The special case p = b/a and gq = 1 — b/a in (10.3.11) 
produces 


1 .b-1 _ pa-b-1 1 
i dtr = = ((1 = b/a) ~ Y(0/a)). (10.3.13) 


1 — x4 


The result is now simplified using (10.1.16) to produce 
1 .b-1 _ ,a—b-1 b 

| 2 de = cot ©. (10.3.14) 
0 Lge a a 


This is 3.244.2 in [40]. 
Example 10.19. The special case a = 2 in (10.3.11) yields 


1 f2u-1 p2v-1 1 
fe 4 = 70H) - 9). (10.3.15) 
The choice p = 1+ p/2 and v = 1 — p/2: 
eget es 1 
0 =— 2 


This appears as 3.269.1 in [40]. 


Example 10.20. The choice pp, = “4+ and v = + in (10.3.15) gives 3.269.3: 


dt ca 
| Rae a= 5 (v(S*) -v (44). (10.3.18) 


Note. This is the example discussed in the Introduction, where Mathematica 
gives the incorrect value 


1 wa b 2 
ee =e 7 1l+p 
——_— dx = ————_ —- ————. 10.3.19 
[ 1-2? - 2sin(rp)  2p(1 — p?) ( ) 


10.4 Integrals over a halfline 


In this section we consider integrals over the halfline [0,00) that can be 
evaluated in terms of the digamma function. 
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Proposition 10.4.1. Let p,q ¢R. Then 
ia tP t? dt 
| (> -_ —z) ‘3 = v(q) a W(p). (10.4.1) 
This is 3.219 in [40]. Also 
re 1 1 d 
i Ces ae a} > = v(q) a W(p). (10.4.2) 


Proof. Let t = «/(1—~) in (10.3.1). The second form comes from the first by 
the change of variables x +> 1/z. Oo 


Example 10.21. The special case p = 1 yields 
i 1 il dt 
— —- ——_ ] —= : 10.4.3 
i ( a) pH UD +9 ( ) 
This appears as 3.233 in [40]. 
Example 10.22. The evaluation of 3.235: 


L (1 +2)* — Ide 
0 


(i+a)y x = o(b) — p(b— a) (10.4.4) 


can be established directly from (10.4.3). Simply write 
- (l+a)*—-ldx _ [ tl dx 
0 (+a) «2 fy l+ae (l+2)/) x 


_ c 1 1 dx 
o \l+a (l4+a)b-@) x? 


Some examples of integrals over [0, oo) can be reduced to a pair of integrals 
over [0, 1]. 


Proposition 10.4.2. The formula 3.231.6 of [40] states that 


to obtain the result. 


foe) gp-1 = gat 
i: ——— dx = 7 (cot rp — cot 7q). (10.4.5) 
0 1-2 


Proof. To evaluate this, make the change of variables t = 1/ in the part over 
[1, co) to produce 


oo pp-1 _ »q-1 1 .p-1 _ »q-1 1 .-P _ 4-4 
i, ae = | Sar | ee Gag) 
0 1-2 0 1-2 0 1-2 


Now use the result (10.3.1) to write 


[Re -v@- vw) -wa-9-va-y). 40.49) 


1-2 


The relation w(x) — (1 — x) = —7 cot(mq) yields the result. O 
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10.5 An exponential scale 


In this section we present the evaluation of certain definite integrals in- 
volving the exponential function. These are integrals that can be evaluated in 
terms of the digamma function of the parameters involved. 


Example 10.23. The simplest one is 3.317.2: 


[ Cea 7 ss! dx = (4) — V(r) (10.5.1) 


-oo \(I+e-7)P (1 +e>*) 


that comes from (10.4.2) via the change of variables 7 ++ e~*. Mathematica 


gives 
i a 
oo MA +e)? (Fenn) 


1 1 
Lge ( Plug cee | CSL 
p pt+l qd q+1 


1 11+ 1 1 1+ 
— p3F P)_y + q3F5 q)_4 : 
2 q 2 q 


Example 10.24. The special case p = 1 and w(1) = —y produces 3.317.1: 


ie (= : <=) de =v) 44 (10.5.2) 


—o \lt+e-* (l+e-*)¢ 
Example 10.25. The evaluation of 3.316: 


[- (1+e 7)? -1 


oo (lte-*)4 da = ¥(q) — (a- P) (10.5.3) 


comes directly from (10.5.1). 


Proposition 10.5.1. Let p,qeR. Then 


7 Ot ini), (10.5.4) 


l—et 
This appears as 3.311.7 in [40]. 
Proof. Make the of variables x = e~* in (10.3.1). Oo 


Example 10.26. The evaluation (10.5.4) can also be written as 


2° ¢t(1—p) _ @t(1-a) 
[ Sa = VD) — YO), (10.5.5) 
0 e€ 
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Example 10.27. The special case p= 1 and q=1-—-v is 


co 1-— vt 
| — dt = (1 —v) — ¥(1), (10.5.6) 
0 eb —1 
and using (1) = —y and w(1 —v) = v(v) + rcot mv, yields the form 
oye! 
i = dt =~w(v) +y+ rot ay, (10.5.7) 
¢ &— 


as it appears in 3.311.5. 


Example 10.28. Another special case of (10.5.4) is 3.311.6, that corresponds 
top=1: 


foe) et _ eat 
. SS tt =) +7. (10.5.8) 
0 l-—e 


Example 10.29. The evaluation 3.311.11: 


[ = =e- : (v(=2) -v(=4)). (10.5.9) 
90 eve r—s r—s r—s 


follows directly from (10.5.4) by the change of variables t = (r — s)x. 


Example 10.30. The evaluation of 3.311.12: 


© g® — 1 Inc—Inbd Inc—Ina 
ee ay cag 
| fuge Inc—Ind € (7) (FS). 
(10.5.10) 


is proved by simply writing the exponentials in natural base. 


Example 10.31. The formula 3.311.10 had a sign error in the sixth edition 
of [40]. It appears as 


CO ep PE _ p— qe 
| oF ag = "cot (=) . (10.5.11) 
9 Lte tae p+q p+q 
It should be 
| Sere (=) | (10.5.12) 
9 l—e -@ta)e ptq pt+q 
The value (10.5.9) yields 
O° eT PX _ e~9t 1 q p 
a a ee a ee ee 10.5.13 
| 1—e-@rae ees) (54) 


and the trigonometric answer follows from (10.1.16). This has been corrected 
in the current edition of [40]. 
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Example 10.32. The evaluation of 3.312.2: 


co — eo ut = e be eo Pr 
/ ee eS ead Ge) eae) 


l-—e-# 
(10.5.14) 
follows directly from (10.3.1). Indeed, the change of variables t = e~* gives 
1 yp-1 a b a+b 
Pr (1 — t% —t t 
I =| clas Cece ea al (10.5.15) 
and now split them as 
1 yp—1 +a—1 1 yp+b-1 +at+b—1 
yp-1 _ 4p 4p _ 4 
i= i: —_—__— dt — ih —_____ dt (10.5.16) 
and use (10.3.1) to conclude. 
10.6 A singular example 
The example discussed in this section is 
oo (px 
: a it cattcn). (10.6.1) 
_~« b-e-® 
that appears as 3.311.8 in [40]. In the case b > 0 this has to be modified in its 
presentation to avoid the singularity « = —Inb. The case b < 0 was discussed 
in [67]. In order to reduce the integral to a previous example, we let t = e~*” 
to obtain wea my 
cf eT H® da oo tH" dt 
a : 10.6.2 
—_— | b—t ne) 
The change of variables t = by yields 
co — px d loo) p—1 d 
: oe : 2, (10.6.3) 
—oo b =e°? 0 Le ¥y 


Now separate the range of integration into [0,1] and [1,00). Then make the 
change of variables y = 1/z in the second part. This produces 


CO Ee Hx d 1 yy-1 _ y—ph 
/ cami =yet f oe, (10.6.4) 
0 


co b-—e7* 


This last integral has been evaluated as cot(zj) in (10.3.9). 
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Note. Mathematica gives the value 


of eT he 1 1 1 1- 
/ ose tp Mp 
_o b-e* bu =p 2—p 


1 1 l+ypil 
+ =. —oF eaWe 
P+ pu) i( 2+ ps 5) 


10.7 An integral with a fake parameter 


The example considered in this section is 3.234.1: 


i q-1 —4q 
| ( ad _ =~) dz = nS cot Tq. (10.7.1) 
0 l-—ar a-«z aq 


We show that the parameter a is fake, in the sense that it can be easily scaled 
out of the formula. The integral is written as lim I(e) where 
Ee 


Make the change of variables t = ax in the first integral and x = at in the 
second one to produce 


a 49-1 qe Y/a 4-4 dt 
T(e) =a74% i TS eee 
Ose") Gage Gee 


and then let « > 0 to produce 


ae’ ges : ota fee 
- dz =a? - ‘ 
o \l-ar a-z o l-t 0 1-t 
Differentiation with respect to the parameter a, shows that the expression in 
parenthesis is independent of a. It is now evaluated by using a = 1 to obtain 


1 q-1 —q Lyq-l_y-4 
| (7-3) e-e(f a). 
o \l-ar a-z 0 1-t 


The evaluation (10.3.1) now yields 
1 q-1 —q 
/ ( - oe ) da 
9 \l-ar a-z 


Formula (10.7.1) has been established. 


I 


a? (W(1— g) — ¥(4)) 


= a ‘ncotzg. 
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10.8 The derivative of w 


In a future publication we will discuss the evaluation of definite integrals 
in terms of the polygamma function 
d n 
PolyGammajn, x] := (=) v(x). (10.8.1) 
xv 
In this section, we simply describe some integrals in [40] that comes from 
direct differentiation of the examples described above. 
Example 10.33. Differentiating (10.3.1) with respect to the parameter p 
produces 4.251.4: 
1 Pl Ing 
| * dx = -w'(p). (10.8.2) 
0 1-2 
Example 10.34. The change of variables « = t? in (10.8.2), followed by the 
change of parameter p +> : yields 4.254.1: 


1 yp-1 
P~* Int sere ae? 
——_ drt = - =). 10.8.3 
| To rd (5) 
Example 10.35. Replace q by 2g and p by q in (10.8.3) to produce 
1 yq-1 
mw" Int, = ol gy 
To evaluate this last term, differentiate the logarithm of the identity 
g2a—-1 
to obtain 
2y)(2x) = 2In2+ y(x) + (x + §). (10.8.6) 
One more differentitation produces 
Ay)’ (2x) = p(x) + p(x + §)- (10.8.7) 
The value x = $ gives 
2 
w' (4) = 3v"(1) = oe (10.8.8) 
Therefore we obtain 4.254.6: 
1 igq-1 ] 2 
x nz T 
———_ dr = -—. 10.8.9 
| 1 — 729 ~ 8¢? ( ) 


Example 10.36. Differentiating (10.3.12) n-times with respect to the pa- 
rameter p produces 4.271.15: 


pg 1 
x a p 
In® ¢ ——— = ——_y™ (=). 10.8.10 
| we oF = (2) ( ) 
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10.9 A family of logarithmic integrals 


Several of the integrals appearing in [40] are particular examples of the 
family evaluated in the next proposition. 


Proposition 10.9.1. Let a,b € R*. Then 


. T(a) (6 
; at *(1—2)°"+ nadz = ae (W(a) — p(a+b)). (10.9.1) 
Proof. Differentiate the identity 
: CORR) 
aT — 2)?! de = ——— 10.9.2 
fe (1 — 2)?" dx T(a+b) (10.9.2) 
with respect to the parameter a and recall that I’(x) = w(x) (2). oO 


The next corollary appears as 4.253.1 in [40]. 
Corollary 10.9.1. Let a, b,c € Rt. Then 
T(a/c) T(b) a a 
hd 0°) neds = SO (y (2) —u(=+0)). (10.9.3 
fe (1 — 2°) nxdx ZT (a/e+ 5) w 5 w =a ( ) 
Proof. Let t = x in the integral (10.9.1). O 


Example 10.37. The formula in the previous corollary also appears as 4.256 
in the form 


fo» (3) ee ED) (2) -0@)]. 


(10.9.4) 
Example 10.38. The integral 
= ee a?" (1 — 2?)-/? Inada (10.9.5) 
ea 0 _ 


that appears as 4.241.1 in [40], corresponds to a = 2n +1,b = 4 andc=2 


2 
n (10.9.3). Therefore 


L 2h twee _ eee +)T(4) ‘ 
Anat = ast) Meta-vet)]. 0096) 


Using (10.1.7), (10.1.11) and (10.1.14) yields 


1 Qn 2n 2n B71 
t Ina = ey n (1) 


This is 4.241.1. 
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Example 10.39. The integral in 4.241.2 states that 


2n+1 Ine (Qn)! pula | Ne 
———-_ dz In2+ 10.9.8 
| Aa = Gra a DI ee (10.9.8) 


Writing the integral as 


1 
I = ath (1 — 2”)? Ine da (10.9.9) 
) 
we see that it corresponds to the case a = 2n + 2, b = 4, c = 2 in (10.9.3). 
Therefore 


= ae [vin +1)— vn + 9). eee 


Using (10.1.7), (10.1.11) and (10.1.14) yields 


1 ).2n+1 2n ia 

x Inz oe 

—————_ dx = ———_ | In2+ = ; 10.9.11 
0 Al = Py) (n ff 1) Ce) ( =) ( ) 


This is equivalent to (10.9.8). 


Example 10.40. The integral 4.241.3 in [40] states that 


2n 
(Qn—1)" a (—1)*-1 1 
"/1— a2? Inedzr = = —In2 
[# Ue eee 2 een + 2)I (x k In +2 
(10.9.12) 
To evaluate the integral, we write it as 

1 

I= a?" (1 — 2)/? Ine dr (10.9.13) 
0 


and we see that it corresponds to the case a = 2n+1, b = 3, c = 2 in (10.9.3). 
Therefore 


[vin + 5) — ¥(n + 2)]. (10.9.14) 


Using (10.1.7), (10.1.11) and (10.1.14) yields 


[e "4/1 — x? Inadzr = sl (m2 : eG) 
0 
9 


22n+2 (n + 1) 2n+2 k 
( 


This is equivalent to (10.9.12). 


© 2015 by Taylor & Francis Group, LLC 


The digamma function 137 


Example 10.41. The integral 4.241.4 in [40] states that 


gant (Qn)! | os) 1 
mr’ V1— 2? Inadz = In2 
: xv Inadz = Qn+3h n+ "a3 
(10.9.16) 
To evaluate the integral, we write it as 
1 
I =|} a? tly — 2?)1/? Ine dx (10.9.17) 
0 


and we see that it corresponds to the case a = 2n+2, b = 3, c= 2 in (10.9.3). 
Therefore 
T'(n + 1)T(3) 
I =——_*+ 1) - 3)]. 10.9.18 
Tae ety vert BD) (10.9.18) 


Using (10.1.7), (10.1.11) and (10.1.14) yields 


etl] — 2? nedz = 


0 


Tl 2n4+1 (—1)* 
ra D ; . (10.9.19) 


g2nr1 
———@_—_{— | |In2- 
This is equivalent to (10.9.16). 


Example 10.42. The integral 4.241.5 in [40] states that 


i V (1 — «?)?"-1 Inada = Sa [W(n+1)+7y+In4]. (10.9.20) 


To evaluate the integral, we write it as 
7 1 
‘c— | (1—2?)""2 Inadx (10.9.21) 
0 


and we see that it corresponds to the case a = 1,b =n+4,c= 2 in (10.9.3). 
Therefore 


[b(5) — v(n + 9)]. (10.9.22) 
Using (10.1.7), (10.1.11) and (10.1.14) yields 


1 _ 2n 7 
i, (t=27)"-2 neds = -G a) 224504 (10.9.23) 


k=1 


This is equivalent to (10.9.20). This integral also appears as 4.246. 
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Example 10.43. The case n = 0 in (10.9.7) yields 


1 

ined 

—S = =-Fin2. (10.9.24) 
ae 


This appears as 4.241.7 in [40]. 
Example 10.44. Formula 4.241.8 states that 


~  Inxdz 


———. = 1- ]n?2. 10.9.25 
1 @V/a2—-1 ( ) 
To evaluate this, let t = 1/x to obtain 
1 
I= -| ie) ned (10.9.26) 
0 
This corresponds to the case a = 2, b = 4, c = 2 in (10.9.3). Therefore 
P1)T() 
f=—-— = 1)-wv(2 10.9.27 


2 
and the value 1 — In2 comes from (10.1.11) and (10.1.14). 
Example 10.45. The case n = 0 in (10.9.15) produces 


1 
i V1 —«#? Inadz = —2(2n2+1). (10.9.28) 
0 


This appears as 4.241.9 in [40]. 
Example 10.46. The case n = 0 in (10.9.19) produces 


1 
1 
i) aV1— 2x2 hnadzr = g (3 ln2 — 4). (10.9.29) 
0 


This appears as 4.241.10 in [40]. 
Example 10.47. Entry 4.241.11 states that 


1 
V2 
een ll (10.9.30) 
0 Va(l — 2?) 8 
To evaluate the integral, write it as 
1 
I= | a ¥2(1 — g?)-1/2 Inada (10.9.31) 
0 
and this corresponds to the case a = 3, b = $, c= 2 in (10.9.3). Therefore 
Tar) 
T= —+> |v (4) -v (8). 10.9.32 


The stated form comes from using (10.1.9) and (10.1.16). 
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Example 10.48. The identity 


1 ¢ing wT 
————. dx = ——]n2 10.9.33 
ae 3 ( ) 


appears as 4.243 in [40]. To evaluate it, we write it as 
1 
I =| a(1 — 2t)-1/? Ine de (10.9.34) 
0 
that corresponds to a = 2, b= $, c= 4 in (10.9.3). Therefore, 


I= —T*(5) [($) — v1). (10.9.35) 


The values (1) = —7 and #($) = —y — 21n2 give the result. 
Example 10.49. The verification of 4.244.1: 


‘  Inad 1 
miles 1 (2) (10.9.36) 


0 %/e(l—2)2 — "3 


is achieved by using (10.9.3) with a = 2, b = 4 and c = 2 to obtain 


[v (3) - 4 (3)]- (10.9.37) 


Using (10.1.9) and (10.1.16) produces the stated result. 


Example 10.50. The usual application of (10.9.3) shows that 4.244.2 is 


1 Inedz _ Wri 7 
; Frat VG) +, 


where we have used ['($)P'(4) = 27//3. It remains to evaluate v(4). The 
identity (10.1.16) gives 


(10.9.38) 


T 


1 2 

wv (3) —v¥ (4) = — (10.9.39) 

To obtain a second relation among these quantities, we start from the identity 
33a-1/2 : ‘ 

I(3a) = = Peres) le+s) (10.9.40) 


that follows directly from (10.1.6), and differentiate logarithmically to obtain 


(3x) =n34+ ; (W(x) + ¥(@ + 3) + V(x + 3). (10.9.41) 
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The special case 7 = 3 yields 


wv (3) + ¥ (2) = -27- 31n3. (10.9.42) 
We conclude that 
1) =~ oe 10.9.43 
vg) =-y—- Fins - 5 (10.9.43) 
and 
2) = —y-2mn34+——. 10.9.44 
Vgh == U5 WE ( ) 
This gives 
1 
Ina dx T T 
——— _ = —-— = ( In3+—-=}, 10.9.45 
0 Vl—23 3V3 ( a) ( ) 
as stated in 4.244.2. 
Example 10.51. The evaluation of 4.244.3: 
1 
xz Ina dz T 
——S—— = (7 - l 10.9.4 
7S 7 (™ 3V31n3), (10.9.46) 
proceeds as in the previous example. The integral is identified as 
r= 4r(2)r(4) (v2) +41. (10.9.47) 
The value (10.9.44) gives the rest. 
Example 10.52. The change of variables t = x* yields 
‘oP Inad 1. 
xP Ina dx 
ee SY Be a) nd, 10.9.48 
ag fe oa-9" (10.9.48) 
The last integral is evaluated using (10.9.3) with a= #*, b= 4 andc=1 to 
obtain 
L oP ned re 1 
AE ie E (HS) ai (4) |  (10.9.49) 
0 Vl—at 16 T(2) 4 4 
The special case p = 4n + 1 yields 
1 4n+1 
x Ina dz T 
VE T(n+ 4) [¥(n+ 3) -—v(n+1)]. (10.9.50) 


0 vi—-at  16n! 
The special case p = 4n + 1 yields 


Letrtlingda VaT(n+ 4) 


= ——_ |W(n+ 3) -—¥(n+1)]. 


0 V1 — 24 16n! 
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Using (10.1.7), (10.1.11) and (10.1.14) yields 4.245.1 in the form 
1 4n+1 ia 
x Inedx 7 cae4) .) 
| ST es (- In2+ ye or). (10.9.51) 
The special case p = 4n + 3 yields 


1 4+3 In x dx rn 
0 vVi-zt 16l(n+3) 
Using (10.1.7), (10.1.11) and (10.1.14) yields 4.245.2 in the form 


[vin+1)—d(n+ 5). 


1 .4n+3 2n-2 gia yr 
be Ina dx 2 
= In2+ 10.9.52 
0 vVi-a ~ (2n+1) 7") ;( ee wy. ( ) 
Example 10.53. The change of variables t = x?” produces 
1 1 
Ina dz 1 ils 2 i 
——_ = —> t2n-"(1—t) 7 Intdt. 10.9.53 
Vie af a8 fee 


Then (10.9.3) with a= +, b=1-—4 and c=1 give the value 


2n 


0 Vi-a” 4n?T(1— 3) 
Using (10.1.7) and (10.1.14) to obtain 


‘neds _MaDTO-D y(t) -y—- 2). 109.54) 


' Ined sea 
a _7 Blam me) (10.9.55) 
= 


0 Yi-e 8 n? sin(Z) | 
This is 4.247.1 in [40]. 


Example 10.54. The change of variables t = «? gives 


1 1 
Ine d (a gee 1 
Se -</ t3n-*(1—t)~7 Intdt. 
0 


yest) 4 


Using (10.9.3) we obtain 


1 Inedzx M(4)r(a- 4) ; , 
(vei) rd-2) [v(a)-va-s)]. (0.9.56) 


Proceeding as in the previous example, we obtain 

1 1 1 
__inede = _ Baa on) (10.9.57) 
0 Vena 8 sin) 


This is 4.247.2 in [40]. 
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Some integrals in [40] have the form of the Corollary 10.9.1 after an ele- 
mentary change of variables. 


Example 10.55. Formula 4.293.8 in [40] states that 


[ z°—* In(1 — x) dx = = (W(a+1)+7). (10.9.58) 
6 a 


This follows directly from (10.9.3) by the change of variables x ++ 1 — x. The 
same is true for 4.293.13: 


/ a*(1—a)’"* In(1 — 2) de = B(a,b) [(b) — Y(a+b)]. —_ (10.9.59) 


Example 10.56. The change of variables t = e~” gives 


o° 1 7 1 
| ne *(1—e**)" 2 dr = -| (1—27)""2 Inedt. (10.9.60) 
0 ) 
This latter integral is evaluated using (10.9.3) as 
/al'(n + 4) 
f= ee ane (v (5) —vb(n+1)). (10.9.61) 


Using (10.1.7) and (10.1.11) we obtain 


foe) 2n n 
—2x —22 i = Go a 1 
| se "(l-e “*)" 2dr= pant 2In2+ y Pa (10.9.62) 


k=1 


This appears as 3.457.1 in [40]. 


10.10 An announcement 


There are many integrals in [40] that contain the term 1+ x in the de- 
nominator, instead of the term 1 — x seen, for instance, in Section 7.2. The 
evaluation of these integrals can be obtained using the incomplete beta func- 
tion, defined by 


1 a-1 
x * dx 

= 10.10.1 

a= ff 5 (10.10.1) 

as it appears in 8.371.1. This function is related to the digamma function by 
the identity 

1 a+1 a 
=x —wla—)]. 10.10.2 
ata) = 5 |» (*) -#(5)| (10.10.2) 


These evaluations have appeared in [26] and they will be described in Chapter 
11. 
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10.11 One more family 
We conclude this collection with a two-parameter family of integrals. 


Proposition 10.11.1. Let a,b €R*. Then 
said a 1 
i oe (10.11.1) 
0 l+a2°)] a 


Proof. Write the integral as 


baad a b dx ae b 1 dx 
“ —-e* ) — a —. 10.11.2 
i (c © ) x +f (« =) x a ) 


The first integral is (a—b)y/ab according to (10.2.10). The change of variables 
t =x? converts the second one into 


1 f° 1 dt ry 
. ey fe ee 101%: 
sf (« =) t b’ uate) 


according to (10.2.6). The formula has been established. Oo 


independently of b. 


Example 10.57. The case a = 2” and b = 2”*! gives 3.475.1: 


al n 1 dx a7 
2 = 
Example 10.58. The case a = 2” and b = 2 gives 3.475.2: 
a n 1 dx 7 
—x?)— —=-=. 10.11.5 
i (cxv( 4 1+ =) x Qn ( ) 
Example 10.59. The case a = 2 and b = 2 gives 3.467: 
a 2 1 dx Y 
~*~ ——. | —=--. 10.11.6 
| (« 1+ =) x 2 ( ) 


Example 10.60. Finally, the change of variables t = az yields 


[ = 1 dx 

e =— —_ — 

0 l+a?a?) «x 
og ptla —e-t “ 1 \ dt 
| — a | nn 
‘ t ' 1+e2) ¢ 


The first integral is In £ according to (10.2.5), the second one is —y. This gives 
the evaluation of 3.442.3: 


a 1 dz a 
Ge ee Vee ln —-. 10.11.7 
| (« oa} a a -— ( ) 
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Note. Mathematica is unable to evaluate 3.435.4 in (10.2.9), 3.475.1 in 
(10.11.4), 3.475.2 in (10.11.5), 3.476.1 in (15.2.3), 4.281.5 in (10.2.24), 
3.311.11 in (10.5.9), and 3.311.12 in (10.5.10). It also produces a strange 
answer for 3.471.14 in (10.2.8): the correct value 7)(a) has an extra additive 
term involving the Meyer G-function. 
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The incomplete beta function 
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1 Ame Mast ORE: 152s} inc dncwdd bese egdibanee ei deset Rate genand dnd 159 


11.1 Introduction 


The table of integrals [40] contains a large variety of definite integrals that 
involve the incomplete beta function defined here by the integral 


ee 


The convergence of the integral requires a > 0. Nielsen [70], who used this 
function extensively, attributed it to Stirling, page 17. The table [40] prefers 
to introduce first the digamma function 


w(a) = log l(a) = a (11.1.2) 
and define 3(a) by the identity 
B(x) = 5 (v (2) -v¥(8)). (11.1.3) 


This definition appears as 8.370 and (11.1.1) appears as 3.222.1. Here 
a= | pers (11.1.4) 
0 


is the classical gamma function. Naturally, both starting points for 6 are 
equivalent, and Corollary 11.2.1 proves (11.1.3). The value 


y= —w(1) = -F’(1) (11.1.5) 
145 
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is the well-known Euler’s constant. 


In this chapter we will prove elementary properties of this function and 
use them to evaluate some definite integrals in [40]. 


11.2 Some elementary properties 
The incomplete beta function admits a representation by series. 


Proposition 11.2.1. Leta € Rt. Then 


—(=1)" 
B(a) = (11.2.1) 

ret k 
Proof. The result follows from the expansion of 1/(1 +) in (11.1.1) as a 
geometric series. Ol 


Corollary 11.2.1. The incomplete beta function is given by 


B(a) = 5 E (S *) —¥ (5) (11.2.2) 
This is 8.370 in [40]. 


Proof. The expansion for the digamma function w 


v(t) =-y- 2 (= ses a) (11.2.3) 
has been discussed in [61]. Then 
a = 2 1 
¥ (5) aE (11.2.4) 
and F a : ; 
a 
v( = eo? ecw ca (11.2.5) 
The identity (11.2.2) comes from adding these two expressions. O 


These properties are now employed to prove some functional relations of 
the incomplete beta function. The proofs will employ the identities 


W(z+1) = = + ¥(2) (11.2.6) 
w(a)-y1—-2) = -mcot(ra) (11.2.7) 
W(@+4)—Vv($-—2) = mtan(rz) (11.2.8) 
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that were established in [61]. 


Remark 11.2.1. Several of the evaluations presented here will employ the 
special values 


“1 
w(n+1)= =D as (11.2.9) 
k=1 
that appears as 8.365.4, and 
ae 
fh ke — 
# ebm) =-742(5> wa), (1.2.10) 


that appears as 8.366.3. 


Many of the proofs of formulas in Section 4.271 employ the values 


n-1 
rT 


vn) == a (11.2.11) 


that appear as 8.366.11 and also 8.366.12/13: 


2 n 
174 Te 1 
s4n)=—F4) ———. 11.2.12 
WGen=FF4. oop (1.2.12) 
Higher order derivatives are given by 
wr) = (-1)"*nlc(n +1) and 
POS) = (“1 nteartt —1¢(n +1). 


Proposition 11.2.2. The incomplete beta function satisfies 


B(a@+1) = = Bt), (11.2.13) 
Bil-2) = —~— — B(x), (11.2.14) 
B(@+1) = : - — + B(1- 2). (11.2.15) 


Proof. Using (11.2.2) we have 
a+) = 3)0(F)0(4S 
1/2 x c+1 
= 5le+e(s)-¥( =) 


= =~ Ala) 


8 
+ 
e 
ee 
———— | 
ll 
Nile 
| —— a. | 
e 
Po 
wls 
+ 
an 
Teale 
| 
e 
ee 
8 
Nit 
_ 
Ne 
| a | 
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This establishes (11.2.13). To prove (11.2.14) we start with 


a(a)+0a-2) = 5]¥(5+5)-¥($) +¥ (1-3) -0(5-S)], 


The formula (11.2.14) now follows from (10.2.17) and (10.2.22). O 


11.3 Some elementary changes of variables 


The class of integrals evaluated here is obtained from (11.1.1) by some 
elementary manipulations. 


Example 11.1. The change x = ¢? in (11.1.1) yields 


1 yap—1 
toP—* dt 
= a 11.3.1 
aa) =» [| (11.3.1) 
Replace a by S to obtain 3.241.1: 
1 sa-1 
t?—'dt 1 a 
=-6(-). 11.3.2 
I 1+? po (5) 
Example 11.2. The special case p = 2 in Example 11.1 gives 
1 42a-1 
t dt 
=2 ———. 11.3.3 
aa) =2 f (11.3.3) 
Choose a = ae and relabel the variable of integration as xz, to obtain 3.249.4: 
1: 20 
x? dx 1 b+1 
= —8 | —}. 11.3.4 
| 1+ a? 3 ( 2 ) hee) 
Example 11.3. The evaluation of 3.251.7: 
1 
x" dx 1 a-l a-—1l1 
—_—_ = —- + —— 11.3.5 
| o> at 4 a( 2 ) ( ) 
comes from the change of variables t = x? and integration by parts. Indeed, 
1 7 1 
| so = >| pa-jj2@ 1 iy 
9 (1+ 22)? ae dt 1+t 
1 a@=1 fee 
= —e + ————— , 
4 4 : 1l+t 


and (11.3.5) has been established. 
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Example 11.4. Formula 3.231.2 states that 


1 pl —p 
| a (11.3.6) 
0 1+z2 sin 7p 


The integrals is recognized as G(p) + (1 — p) and its value follows from 
(11.2.14). Similarly, 3.231.4 is 


1 .p _ »—P 
| = «-;- i diss 
0 


1l+z p  sintp 


The integral is now recognized as (1+ p) — B(1 — p), and the result follows 
from (11.2.15). 


Example 11.5. The evaluation of 3.244.1: 


1 yp-1 q-p-1 
/ iis tals dx = ~cosecH (11.3.8) 
(0) 1 + x4 qd qd 
is i 
ie a (8(p/a) + 80. — p/a)) (11.3.9) 


according to (11.3.2). The result now follows from (11.2.14). 
Example 11.6. The evaluation of 3.269.2: 
1 ypP — 7 P 1 
xP — 4 T 
——— dr = - — ————_ 11.3.10 
[ Tye  ~ b Bsin(ap/2) ( ) 


is obtained by the change of variables t = x7, that produces 


rah f PAE" w= [ob +1)-9(1-3)]. (11.3.11) 


The result now follows from (11.2.15). 


11.4 Some exponential integrals 


In this section we present some exponential integrals that may be evaluated 
in terms of the 6-function. 


Example 11.7. The change of variables x = e~* in (11.1.1) gives 


B(a) = [ a, (11.4.1) 


l+e-t 
This appears as 3.311.2 in [40]. 
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Example 11.8. The evaluation of 3.311.13: 


CO 4px —qur 
/ ms la dx = ——cosec (=) (11.4.2) 
0 1+ e—(pta)« p+q p+q 


is achieved by the change of variables t = (p + q)x that produces 


pas 1 oo e—pt/(p+q) 1 J e—at/ (p+) 
0 


<i ier, |e 
Praja ite* pt+q Lae? 


= Sal eae) aa) 


The result now comes from (11.2.15). 


11.5 Some trigonometrical integrals 


In this section we present the evaluation of some trigonometric integrals 
using the 6-function. 


Example 11.9. The change of variables 2 = tan? ¢ in (11.1.1) gives 


m/4 
B(a) =e) tan” tdt. (13.1) 
0 


Introduce the new parameter b = 2a — 1 to obtain 3.622.2: 


ays 1, (b+1 
iy tan’ tdt = —6 (=) . (11.5.2) 
ae 
Example 11.10. The change of variables x = tant in (11.3.5) gives 
ae 1 a-1 -1 
i tan’ t cos*tdt = -7 + TB (+) ‘ (11.5.3) 


Now use (11.2.13) to obtain 


a-—1l1 2 a+1 
= a 11.5.4 
3(S)-4.-0(). (11.5.4) 
that converts (11.5.3) to 
w Pde 1 
| tan“ t cos? t dt = rane “8 (S) ; (11.5.5) 
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This is the form in which 3.623.3 appears in [40]. Mathematica gives 


ri eee 
tan® x cos* x dx oe = = 
‘| 2(2-3)/2(q — 3) aoa 2 
Ta 
~ Flee (FF) 
(a — 1) sec 5 
Using this form and (11.5.2) we obtain 3.623.2: 
i i a 1 
| tan® t sin? tt = —> + Ha5(% ) (11.5.6) 
Mathematica gives the expression 
n/4 ; 1 atl 43) 4 
tan® x si dt = oe A 2 j=]. 11.5.7 
| an® x sin* « dx MeF3V/2(q $3)? 1 ats 5} ( ) 
Example 11.11. The evaluation of 3.624.1: 
7/4 sin? a dex 1 
a 11.5.8 
i cosPt2~ p+1 ( ) 
can be done by writing the integral as 
w/4 m/4 
l= | tan??? x dx +f tan? x dz. (11.5.9) 
0 0 


These are evaluated using (11.5.2) to obtain 
1 p+3 1 pt+l1 
f= -8 | —— =B |—— }. 11.5.1 
53 (25*) +50 (2*) (11.5.10) 
The rule (11.2.13) completes the proof. 
Example 11.12. The integral 3.651.2 


“/4 tana dx 1 +2 +i 
——— = = — —- 11.5.11 
i 1 — sin x cos x 5 (3( 2 )+a( 2 )) ( ) 
can be established directly using the integral definition of 6 given in (11.1.1). 


Simply observe that dividing the numerator and denominator of the integrand 
by cos? x yields, after the change of variables t = tan z, the identity 


i tan’ « dx _ lr tan! x dx 

9 1l-sinzcosr Jy  (sec?x—tanz)cos?x 
= i tH dt 
— Jo P-t41 


1 1 
tetl 4 th 
o t+1 
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The change of variables t = s‘/° gives the result. 


The evaluation of 3.651.1 


“/4  tantad i 2 1 
| aa =-(w ai w ain (11.5.12) 
9 il+sinzcosx 3 2 2 
can be established along the same lines. This part employs the representation 
8.361.7: 


Ded 


established in [61]. 


Example 11.13. The elementary identity 


1 _1 (== ie ==) (1.5.14) 


1—sin?xcos?x2 2\1+sinzcosx 1-—sinazcosz 


and the evaluations given in Examples 11.5.12 and 11.5.11 gives a proof of 
3.656.1: 


tan’ x dx 
9  1—sin? «cos? x 


41 +2 4 +5 
ia (—4 (4) — 0 (4) + (EE) +O (S 
Example 11.14. The final integral in this section is 


m/A4 1 
| cos“! (2x) tana dx = 5 Ble): (11.5.15) 
0 


This is easy: start with 


sin x 2sin x cos x sin 2x 
tang = =e 11.5.16 
cos x 2 cos? x 1+ cos 2x ( ) 


and use the change of variables t = cos 2x to produce the result. 


11.6 Some hyperbolic integrals 


This section contains the evaluation of some hyperbolic integrals using the 
G-function. 
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Example 11.15. The integral (11.4.1) can be written as 


oo et (1/2—-a) dt 
B(a) - | SEGA (11.6.1) 
and with t = 2y and b = 2a — 1, we obtain 3.541.6: 
ce eo by d b+1 
€ y 
= a |e 11.6.2 
| cosh y p ( 2 ) ( ) 
Example 11.16. Integration by parts produces 
we Eno a d 1 
| 5) 2 = 2 | ee er dx 
0 cosh” x 0 dx 1+e-2 
oe OF dy 
= af Se mal 
The change of variables t = 2% now gives the evaluation of 3.541.8: 
Se " daz e 
—— =afS(-)-1. 11.6.3 
| cosh? x P 2 ( ) 
Example 11.17. The change of variables t = e~” gives 
o-) 1 fe-1 = t% 
i e “ tanh x dx =| ————_ dt, (11.6.4) 
0 9 1+? 
and with s = t? we get 
1 1 .a/2-1 _ .(a—1)/2 
fae ‘ ei ace 7 
2 0 1 + Ss 


- $°@)-9G+9), 


The transformation rule (11.2.13) gives the evaluation of 3.541.7: 


Pr ite 4 (4a 1 
| e “tanhadz = B (5) --. (11.6.5) 


11.7 Differentiation formulas 


Example 11.18. Differentiating (11.1.1) with respect to the parameter a 
yields 


a1 
x Ing 
——_ dz = p’ 11.7.1 
| aS «-5'0, (11.7.1) 


that appears as 4.251.3 in [40]. 
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Example 11.19. Differentiating (11.3.2) n times with respect to the param- 
eter a produces 4.271.16 written in the form 


1 a-1 n 
x In" x al a 
dy = So ea 1173 
i ita pa (<) ( ) 
The choice n = 1 now gives formula 4.254.4 in [40]: 
L a—1. 
x Ing 1 a 
——- dr = —f’ | -). 11.7.3 
[ i¢o pe (*) ( ) 


Example 11.20. The special case n = 1, a = 1 and p = 1 in (11.7.2) produces 
the elementary integral 4.231.1: 


1 2 
Ina dx T 
=-—. 11.7.4 
| 1l+2 12 nee) 
In this evaluation we have employed the values 
We ‘iad 
via) =¢@) =", md (1/2) = 5, (11.7.5) 


that appear in (11.2.12). 
Example 11.21. Formula 4.231.14: 
1 2 
xin T 
—, dx = —-— 11.7.6 
| 14+ 2? " 48 ( ) 


comes from (11.7.3) by choosing the parameters n = 1, a = 2 and p = 2. The 
values of w’(1) and (1/2) are employed again. Naturally, this evaluation also 
comes from (11.7.4) via the change of variables x? ++ 2. 


Example 11.22. The choice n = a = 1 and p = 2 in (11.7.3) and the values 


p (4) = 7° +8G and y (3) = 17? — 8G, (11.7.7) 
where G is Catalan’s constant defined by 
= a 
G= aoe a (11.7.8) 
2 
= (2k + 1) 
yields the evaluation of 4.231.12: 
1 
Ina dx 
=—-G. 11.7.9 
[rs (11.79) 
The change of variables x = t/a, with a > 0, and the elementary integral 
o dt T 
= 11.7.10 
| 24a? 4a’ ( ) 


give the evaluation of 4.231.11: 
i Inadzx mlna—4dG 
0 


xee+az 4a 


(11.7.11) 
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Example 11.23. Now choose n = 1, a = 2 and p = 1 in (11.7.3) and use the 


value w’ (3/2) = 17/2 — 4 given in (11.2.12) to obtain 4.231.19: 


peta L- 1 
~ tae 


Combining this with (11.7.4) gives 4.231.20: 


1 2 
1 
fe mrar= 1-5, 
9 l+2 6 


Example 11.24. The values 


p (4) = —2n? — 56¢(3) and p® (#) = 2n* — 56¢(3), 


given in [79], are now used to produce the evaluation of 4.261.6: 


a In? x dx _ 1 
9 lta? ~ 167 


Example 11.25. The relation 


yr 4b (—1)" +e) (z) = Un cot 7Z, 
z 


and the choice n = 4, a = 1 and p = 2 in (11.7.3) give 


1 int x dx 1 
fee = POW 
1 
= ae) 
A 


1 
2=3/4 ; 


d 
= 1024 (5 cot Tz 


This yields the evaluation of 4.263.2: 


[ In* x dx 51° 
9 lta? 64° 


The evaluation of 4.265: 
[ In® x dx 61a" 
0 


1+ 2? 256 ” 


can be checked by the same method. 


(11.7.12) 


(11.7.13) 


(11.7.14) 


(11.7.15) 


(11.7.16) 


(11.7.17) 


(1.7.18) 


Example 11.26. Now choose n € N and take a = n+1 and p = 1 in (11.7.3) 


to obtain the expression 
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This is now expressed in terms of the w—function and then simplified employ- 
ing the relation 


wm (z) = (-1)™**ml¢(m + 1, 2), (11.7.20) 
with the Hurwitz zeta function 
C(s, 2) = 3 ! =. (11.7.21) 
ar (z+k) 


We conclude that 


i= ; (< (3. as) ~¢ (3"2)) (1.7.22) 


The elementary identity 
CO 7 _4)k 
C (6.8) —6 (sag) <2" (117.28) 


is now used with s = 3 anda=n-+1 to obtain 


1 2 oo k 
x” In* adx (-1) 
ou = 92 —_—__... 11.7.24 
| l+a » (k+n+1)3 ( ) 
This is finally transformed to the form 
i a Intade _ (sy (3/9) 55) fa (1.7.25) 
9 itr 2 — ke se 


This is 4.261.11 of [40]. 


The same method produces 4.262.4: 


1 on 4,3 4 n-1 k 
x” In® «dx as (—1) 
—__—— = (-1)"*1 || —__ — ——_ ]. 11.7.2 
[EB -coe (B oS SR) ata 
Example 11.27. The method of the previous example yields the value of 
4.262.1: si 3 ‘ 
In° x dx Gs 
=-—_. 11.7.27 
i 1l+2 120 ( ) 


Here we use (3) (1) = 14/15 and p@) (1/2) = a4. 


Similarly, 2) (1) = 87°/63 and 7) (1/2) = 87° yield 4.264.1: 


= (11.7.28) 


- In? xdx 317° 
9 l+¢2 252’ 
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while (1) = 848/15 and 7) (1/2) = 1367° give 4.266.1: 


1 iG 8 
12 
ee (11.7.29) 
> ite 240 


Example 11.28. A combination of the evaluations given above produces 
4.261.2: 


1 7,2 3 

In* xd d, 
| ee =, (11.7.30) 
9 l-wt2? 81vV3 
Indeed, 
1 In? x dx a ee 
a = 5 In a dx 
9 l-#+2 9 l+a 

2 


_ i fdr, fem ee 
fg 1423 9 1423 
1 
= —/g@,(1 (2)(2 
ay (8 (4) + 83) 


= ag (YX ) — ¥ (4) +¥ (G) -¥ ()) 


if a co + 7 cot 
= =| > TZ => TZ 
216 \ dz? z=1/ dz? z=1/6 
a (8 107° 
= at + 8vin") a 
216 (= 81/3 


Example 11.29. Replace n by 2n in (11.7.2) and set a = p= 1 to produce 


af 2n 
| In*” x dx _ 2") (1) 
0 


l+zaz 
1 
~  92n-F1 (vera) ayer) (2)) 
gon _ 
= Sp (2n)!6(2n + 1). 


This appears as 4.271.1. 


Example 11.30. The change of variables ¢ = bx in (11.7.2) produces 


[ i=! Int be? oy () pay 7 i*-1 dt 
Bw 4s a) 4 + 
o «bP +¢P p2 P 9 OP +1? 
be ® [a Oe? a 
= 6 (+) +nb— B(g). 


The last integral was evaluated using (11.3.2). 


© 2015 by Taylor & Francis Group, LLC 


158 Special integrals in Gradshteyn and Ryzhik. The proofs. Volume 1 


Differentiate this identity with respect to the parameter b to obtain 


(11.7.31) 
b ya-1 a—2 
| t Int de ix b OP + PO tye 2e gy (2: 
go (OF Ear)? 2p pe 
p2—-2P 7 
——y-(1 + (a~p)nd)B (4). 
The special case a = b = p= 1 yields 4.231.6: 
1 
Ina dx 
— = —6(1) = —-In?2. 11.7.32 
f opegrr 6) =- (11.7.32) 
Similarly, the choice a = 2, b= 1 and p = 2 yields 4.234.2: 
1 
zlnadx 1 In2 
— — __G(]) = ——., 11.7. 
: (1+ a?) gh ) 4 eye) 


Example 11.31. The last example of this section we present an evaluation 
of 4,234.1: © ned GC 
nadx T 
> =-- = 11.7.34 
 aeeecscr (11.7.34) 


using the methods developed here. We begin with the change of variables 
x++ 1/x to transform the problem to the interval [0, 1]. We have 


 Inadz 1 2? Ina dx 
—_—s = - ——— . 11.7.35 
f aeey fh wee ae, 
Now choose a = 3, b = —1 and p = 2 in (11.7.31) to obtain 
' 2? Ina dx i. [3 1,/3 
—s = -s = —B(-). 11.7.36 
| ee er a) eG) tee 


The value of (11.7.34) now follows from 
a8 (3) = 3((4)-4(3)) 
= 5(4+¥(4)—¥(3)) 
1 
2 


and 
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11.8 One last example 


In this section we discuss the evaluation of 3.522.4: 


ee dx 1 1 
| (b? + 22) coshrx Be (0+ 5) oe) 


The technique illustrated here will be employed in a future publication to 
discuss many other evaluations. 
To establish (11.8.1), introduce the function 


2° t 
A(b,4/) = be ORY gy. 11.8.2 
Oy)im fo eee (11.8.2) 


This function is harmonic and bounded for Reb > 0. Therefore it admits a 
Poisson representation 


h(b,y) = +f" N0.W ge du. (11.8.3) 


The value h(0, wu) is a well-known Fourier transform 


°° cos yt T 
h(0 = dt = ———_—____ 11.8.4 
ey) ‘i cosh t 2 cosh(7ry/2)’ ( ) 


that appears as 3.981.3 in [40]. Therefore we have 


b fe du 
O0= 3) aamaereeyT 88 


The special value y = 0 and (11.6.2) give the result (after replacing b by 2b 
and u by 2u). 


We conclude with an interpretation of (11.8.1) in terms of the sine Fourier 
transform of a function related to 6(x). The proof is a simple application of 
the elementary identity 


ie b 
xt a: _— 


The details are left to the reader. 


Theorem 11.8.1. Let 


a ade z+1 
p(x) =f aa =a( 5 ). (11.8.7) 
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Then 3.522.4 in (11.8.1) is equivalent to the identity 


ye u(t) sin xt dt = (=) , (11.8.8) 


Note. Mathematica evaluates all the entries in this chapter with the single 
exception of entry 3.522.4 in (11.8.1). 
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Chapter 12 


Some logarithmic integrals 


Sl EOC GEE ssh Sed eo nuts dene dian taceeed Gleaeyin ke osh ened 161 
12.2 Evaluations in terms of polylogarithms .......................05. 162 
0 Sop alternative SV PRGGE.. 4.146000 oecnwadounedddheeeb vend eusanase2 165 
12.4 Higher powers of logarithiis is2si0s2cesiicemaviwsrseneeesae eines 166 


12.1 Introduction 


The classical table of integrals by I. Gradshteyn and I. M. Ryzhik [40] 
contains many entries from the family 


i R(x) Ina dx (12.1.1) 
0 


where R is a rational function. For instance, the elementary integral 4.231.1 


1 2 
| ne (12.1.2) 
9 i+2 12 


is evaluated simply by expanding the integrand in a power series. In [2], the 
first author and collaborators have presented a systematic study of integrals 


of the form A 
Int dt 
hn = ——_—<—, 12.1.3 
10= | oan (12.1.3) 
as well as the case in which the integrand has a single purely imaginary pole 
b 
Int dt 
hn.a(a, b) = ——_——. 12.1.4 
.2(a, b) | (2 + a2)r41 ( ) 


The work presented here deals with integrals where the rational part of 
the integrand is allowed to have arbitrary complex poles. 


161 
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12.2 Evaluations in terms of polylogarithms 


In this section we describe the evaluation of 


g(a) -{ ee (12.2.1) 


xv? —2axr+1’ 


under the assumption that the denominator has non-real roots, that is, a? < 1. 
The first approach to the evaluation of g(a) is based on the factorization 
of the quartic as 


gz? —2ar+1=(4+r1)(z +12), (12.2.2) 
where 7) = —a+iV1l—a? and rg = —a—iVv1—a?. The partial fraction 
expansion 

1 1 1 1 
ee eee _ (12.2.3) 
(w+tri)(a@+re) re-m \atrn «+179 
yields 
1 ‘ined 1 ‘Inad 
g(a) = | 2 | eciiasy (12.2.4) 
T2 -TM1 Jo ©+7T T2-T1 Jo L+T2 


These integrals are computed in terms of the dilogarithm function defined 
by 


*In(1—t 
PolyLog[2, 2] = -{ moO at (12.2.5) 
0 
A direct calculaton shows that 
l 
‘ EAD is aia ella aaleneg halal. (12.2.6) 
r+a 
and thus : 
1 1 
| a [2.-=| (12.2.7) 
9 «t+a a 
It follows that 
1 1 
g(a) = (Potytoe 2, -=| — PolyLog 2, -=|) ' (12.2.8) 
T2 —T1 rl T2 


Observe that the real integral g(a) appears here expressed in terms of the 
polylogarithm of complex arguments. 


Example 12.1. The case a = 1/2 yields 


[aE ~ ay (on a+ v5] Poona), 
0 (12.2.9) 
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The polylogarithm function is evaluated using the representation 
(1+ iV3)/2 =e'7/3, (12.2.10) 


to produce 


[ta +ivay]® 
2 ae 


CO ink 
eitk/3 


PolyLog [2. (1+ iv3)/ 2] = ke 


ce 
Il 
uA 


k=1 


- cos (4*) + isin (4) 


ke 
k=1 
Similarly 
00 rk) _ join (ak 
PolyLog [2, (1 - év3)/2| acs pp lee ie) 
k=1 
and it follows that 
1 x 
In x dx a 
ae et Sl Be [2.(1 V3) /2] 
[PE = Fy(Powter 2. 0+ 1v9/ 
2 sin (#) 
— PolyLo [2. eee) 2} =-= aaa Ee 
The function sin(zk/3) is periodic, with period 6, and repeating values 
4, 3.0, -%, -3,0 


Therefore 


To evaluate these sums, recall the series representation of the polygamma 
function (x2) =I"(«#)/T(x), given by 


1 oS x 
w(x) = —y— . + d ea) 20: (12.2.11) 
Differentiation yields 
oS 1 
wy (2) =- 5 Gah (12.2.12) 
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and we obtain 
Co 


1 co 
cence ee 
This provides the expression 


) -Bwayev@-w()—-v®). 2.2.3) 


k=1 


The integral (12.2.9) is 


! Inadz ia. ibe , ; 
[4 dw Oe @-v Ow). e219 


The identities 


and 


produce 
W (5) = 50" (5) — 4, v (3) = —w (5) + 4, w (8) = -5w (5) + SF. 
Replacing in (12.2.14) yields 


1 2 
1 2 1 1 
/ ee (5) . (12.2.17) 
10) 3 
This appears as formula 4.233.2 in [40]. 


Note. The method described in the previous example evaluates logarithmic 
integrals in terms of the Clausen function 


Clo(x) = : (12.2.18) 
k=1 


Note. An identical procedure can be used to evaluate the integrals 
4.233.1, 4.233.3, 4.233.4 in [40] given by 


1 
Ina dx An? 
>+———-—- =— -- 12.2.19 
[ a+e+1 27 ag (5 ). ( ) 
1 2 
x naedx 70 1/1 
a ee a 12.2.20 
i e+r4+1 sa + 9” (5). ( ) 
and : r 
x naedz 5m ieee 
—>—_ = =- -- = 12.2.21 
[ amet ~ 36 6 (5). ( ) 
respectively. 
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12.3. An alternative approach 


In this section we present an alternative evaluation for the integral 


1 
Ina dx 
_ >— 12.3.1 
oa) = | ao (12.3.1 
based on the observation that 
d fi x dx 
= lim — —————. 12.3.2 
g(a) tin = x? —2ax+1 aa 


The proof discussed here is based on the Chebyshev polynomials of the 
second kind U;,(a), defined by 
i 1)t 
ey sini De. (12.3.3) 
sint 
where a = cost. The relation with the problem at hand comes from the 
generating function 


1 k 
7a ) Uz(a)x”. 12.3.4 


This appears as 8.945.2 in [40]. 
Observe that 


wt co ee) 
Fd 
[ 2 ———__ = ) Ura) f ae Uila) 
0 a —2axr+1 c= 0 ere 
It follows that ; 
Ina dx ~~. Ux(a) 
>— = - —. 12.3. 

| x? —2ar+1 +P es?) 


Replacing the trigonometric expression (12.3.3) for the Chebyshev polynomial, 
it follows that 


one aes =— . 12.3. 
x? —2ar+1 sint k2 sint ee) 


[ Ina dx 1 SQ sinkt Clo (t) 
0 


This reproduces the representation discussed in Section 12.2. 


Note. The methods presented here give the value of (12.3.1) in terms of the 
dilogarithm function. The classical values 


ie 
Ch ($) = -Ch (2) = So 2, =G, (37) 
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are easy to establish. More sophisticated evaluations appear in [79]. These are 
given in terms of the Hurwitz zeta function 


(s,¢)= (12.3.8) 


For instance, the reader will find 


Ch (22) = v3 (= = * (2) +3-*C(2, 1) (12.3.9) 


and 


‘ren 
Ch (3) = v3 ( 5 (2) + 67" (6(2, 8) +62, »)) -  (12.3.10) 
Note. Integrals of the form 
a i 
| R(x) InIn — dx (12.3.11) 
0 x 


present new challeges. The reader will find some examples in [60]. The current 
version of Mathematica is able to evaluate 


1 
x InIn1/ax T 
——_— dx = —= (6]ln2 l + 81 12InT(4 12.3.12 
faa x mee 3ln34+ 8ln7 nI($)), (12.3.12) 


but is unable to evaluate 


1 ¢Inini/e 1 
de = —~ (7lna — 4Insin  — 8InI(4)). 12.3.13 
ee eee, Sa aoa cae (3) ( ) 


12.4 Higher powers of logarithms 


The method of the previous sections can be used to evaluate integrals of 
the form 


1 
| R(x) In? «dz, (12.4.1) 
0 


where R is a rational function. The ideas are illustrated with the verification 
of formula 4.261.8 in [40]: 


(12.4.2) 


a De Bi 8/3r? + 351¢(3) 
4. Lae 486 
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Define 


The partial fraction decomposition 


1 1 re 1 iL x 42 1 
1-27 314+2@ 61l—-a+e2? 381l—-a+a? 2142442?’ 


1 
— i. <t.. He, ot 
ey ean aay eae ae aan a 12.43 
[ated git ga-ga + oa ee) 


Evaluation of J,. Consider first 


» te — es k+s—1 ee a 
— dx = —1)*— eats ——_.. 
; its d! ) | . ° a k+s 


k=1 


Differentiating twice with respect to s gives 


— fader. (-1F} _3 
Ji -{ =2)°+—— = 5¢(3). (12.4.4) 


Pe (12.4.5) 
x? —2ar+1 er eae 


and differentiating twice with respect to s yields 


[ a® In? ada =257 Ux(a) (12.4.6) 
0 


x? —2ar4+1 rae s+k+1)8 


The value s = 0 yields 


1 2 oo 
In* x dx U;,(a) 
—>——— = 2 ——. 12.4.7 
| x? —2ar4+1 Seay, ( ) 


We conclude that 
(12.4.8) 


© 2015 by Taylor & Francis Group, LLC 


168 Special integrals in Gradshteyn and Ryzhik. The proofs. Volume 1 


The sequence Ux (5) is periodic of period 6 and values 1, 0, —1, —1, 0, 1. 
Therefore 


k=1 c=1 k 
(12.4.9) 
This can be written as 
= 1 ee 1 
en 
: Ss (k + 1/6)3 » (k + 1/2) 
= 1 = 1 
~ 2. + 23p / » (k+5/6)3" 


Proceeding along the same lines of the previous argument, employing now the 
second derivative of the polygamma function yields 


107° 
Jy = . 12.4.10 
The same type of analysis gives 
2 [ alin ade bn* —2C(3) 
aa 9 l—at+a? § 81/3 — 
1 In? edz 8173 
9 l+aez+e2 81/3 


This completes the proof of (12.4.2). 


The reader is invited to use the method developed here to verify 


+ Tt 5 32/31 + 16335¢(5) 
l = 12.4.11 
| ian 1458 ( ) 
and ; , 
i= 2 132 
| 7 in’ ede = 7(256V3n" + 1327995¢(7)) (12.4.12) 
gle 26244 


Mathematica evaluates these results. 


The methods discussed here constitute the most elementary approach to 
the evaluations of logarithmic integrals. M. Coffey [33] presents some of the 
more advanced techniques required for the computation of integrals of the 
form 


1 
| R(x) In* «dx (12.4.13) 
0 


for s real and R a rational function. 
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Chapter 13 


Trigonometric forms of the beta 
function 
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132 Special Cees ci cccsicgscndicasseevaesisedisesieiekeessdaiteseeeewns 169 
13.3 <A family of trigonometric inteprale ......0.6.0cc0cseusekeaveeceu: Vy 


13.1 Introduction 


The table of integrals [40] contains a large variety of definite integrals in 
trigonometric form that can be evaluated in terms of the beta function defined 
by 


B(a,b) = [ a? 71 — 2)? de. (13.1.1) 


The convergence of the integral requires a, b > 0. 


The change of variables x = sin? t yields the basic representation 
n/2 
B(a,b) = 2 | sin?—! ¢ cos?’- ¢ dt, (13.1.2) 
0 


that, after replacing (2a, 2b) by (a,b), is written as 


m/2 1 b 
| sin® +t cos’-1tdt = 5B (5. 3) (ia l.3) 


This appears as 3.621.5 in [40]. 


13.2 Special cases 


In this section we present several special cases of formula (13.1.3) that 
appear in [40]. 


169 
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Example 13.1. The choice b = 1 in (13.1.3) gives 


m/2 1 1 
| sin! tdt = —B(£,=). 
0 2 2°2 


Legendre’s duplication formula 


g2a—-1 


T\(2a) = Te 


T(a)l'(a + 4) 


can be used to write (13.2.1) as 


sin®-! ¢dt =2°-2B (< <) es 20? T?(a/2) 
A 2°92 Tia) 


This is 3.621.1 in [40]. The dual evaluation 


m/2 a—2P2 
i cos*-!tdt = 2° *B (. <) = cil NaC) are). 
‘ 29 T(a) 


(13.2.1) 


(13.2.2) 


(13.2.3) 


(13.2.4) 


comes from the change of variables t+ 5 —t. The reader will find a proof of 


(13.2.2) in [22]. 


Example 13.2. The special case a = $ in (13.2.3) gives 3.621.7: 


i dx 7 T? (4) 
0 Ysin x 2/2n- 


Example 13.3. The special case a = 3 in (13.2.3) gives 3.621.6: 


n/2 
Vsin «dx = 272 (3) ; 
0 T 2 


Example 13.4. The special case a = 3 in (13.2.3) gives 3.621.2: 


n/2 1 
«3/2 = 2/1 
sin’/* eda = I* (=). 
| =I" (4) 


Example 13.5. The special case a = 2m + 1 in (13.2.3) gives 
n/2 
f sin?” 2 dx = 2°"-1B (m+$,m+34), 
0 


and using the identity 


1) _ 7 (2m)! 
P (m + 3) 92mm! 
it yields 
TO so eas 
i sin” x dx jamal 
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(13.2.6) 


(13.2.7) 


(13.2.8) 


(13.2.9) 


(13.2.10) 


Trigonometric forms of the beta function 


This appears as 3.621.3. Similarly, a = 2m + 2 in (13.2.3) gives 


n/2 
i sin?”*! ¢ dx = 2°" B(m+1,m+1), 
0 


that can be written as 


This is 3.621.4. 
Example 13.6. The integral 3.622.1 is 


m/2 n/2 
7 tan*°adx = i sin** x cost’ x dx 
0 0 


and this reduces to 


m/2 
| tant ¢ dg — ——"—_ 
0 2 cos(ma/2)’ 


as it appears in the table. 


Example 13.7. The identity 


tan®—! x cos?°-? x = sin*! x cos??-*1 x 
shows that 
m/2 n/2 
| tan®!& cos??? adr = | sin?! x cos*°-*-! x dx 
0 0 
1 a a 
seg 9) 
2 2 2 


This appears as 3.623.1. 
Example 13.8. The formula 3.624.2 states that 
i sin? 1/2 x r (+4) T'(1 —a) 
——_—__ dz = SS. 
9 ~—scos2a-1 gy ar (3 — 4) 
This comes directly from (13.1.3). 
Example 13.9. The identity 3.627: 


n/2 a n/2 a Tia)r(2 — 
i = = ae = | a fg Se) (3 a) sin (=), 
0 0 


cos? x sin® 2¢./r 
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(13.2.11) 


(13.2.12) 


(13.2.13) 


(13.2.14) 


(13.2.15) 


(13.2.16) 
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can be verified by writing the first integral as 


me ai 11-2 
— | Si ees ade SN (13.2.17) 
, 2 2 2 
The beta function is 
1 a+1 1-—2a _T($+53)0(G-2) 
B = 2 2) NRT (13.2.18) 
ar ar ar (1— 2) 
Using T(é)P(1 — t) = =) we can reduce (13.2.18) to the expression in 
(13.2.16). 
Example 13.10. The evaluation of 3.628 
n/2 T(p)T (2 — 
/ sce cin? agp Oa) (13.2.19) 


is direct, once we write the integral as 


n/2 1 
: cos? wein? ede = 52 (5 —p,p)- (13.2.20) 
0 


13.3. A family of trigonometric integrals 


In this section we present the evaluation of a family of trigonometrical 
integrals in [40]. Many special cases appear in the table. 


Proposition 13.3.1. Let a, b,c € R with the condition 
a+b+2c+2=0. (13.3.1) 


Then 


n/4 1 1 
| sin® 2 cos? x cos°(2x) dx = 32 (S yc+ 1) ‘ (13.3.2) 
0 
Proof. Let t = tan x to obtain 
m/4 1 
| sin® x cos? x cos°(2x) dx = | rag er a) a ON a a cl 
0 0 
(13.3.3) 


and (13.3.1) yields 


m/4 1 
| sin’ x cos® x cos°(2x) dx = | #*(1— 17) dt. (13.3.4) 
0 0 
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The change of variables s = t? produces 


m/4 1 1 
| sin® x cos® x cos°(2x) dr = >| ge (1 <6) "da, (13.3.5) 
0 0 
and this last integral has the given beta value. O 


Example 13.11. The formula (13.3.2), with a = 2n, b = —2p — 2n — 2, and 
C = p appears as 3.625.2 in [40]: 


dx =$B(n+5,p+1). (13.3.6) 


7/4 sin?” & cos? (2x) 
0 cos2Pt+2n+2 £ 


Example 13.12. The formula 3.624.3 
micas 1/7 (2x) x (2n 
[ eos2nti a dx = Qant1 (") (13.3.7) 


corresponds to the case a = 0, b= —2n — 1, andc=n- $3. 


Example 13.13. Formula 3.624.4 in [40] 


7/4 cost (2) 
—— — 92u 
i aoe ere (13.3.8) 


corresponds to a = 0, b = —2u — 2, and c= pw. Then (13.3.2) gives 


7/4 cost (22) 1 1 
————_ dt = -B| = 1). 13.3. 
| aur; W = 5 (S04 ) (13.3.9) 


The duplication formula 


T(x)P(x + $), (13.3.10) 


transforms (13.3.9) into (13.3.8). 
Example 13.14. The values a = 24, — 2, b = 0, and c= pu produce 3.624.5: 


T/A 2-2 Tin —2)T — 
| I gga (13.3.11) 
0 


cos! (2x) 2./m 
directly. Indeed, the answer from (13.3.2) is B(y — 1/2,1— 4)/2. The table 
also has the alternative answer 2!~?4B(2u — 1,1 — 2) that can be obtained 
using (13.3.10). 


Example 13.15. Formula 3.625.1: 


m/4 sin2”— 1 x cos? (22) 1 
| aoe, ge) (13.3.12) 


corresponds to a = 2n— 1, b= —2p—2n—1, andc=p. 
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Example 13.16. The choice a = 2n—1, b = —2n—2m, and c=m-—5s + gives 
3.625.3: 


m/4 Qs 2n-1 m—1/2 ) 
/ sin x COs (2x) ais 
0 


cos2n+2m x 


I 
B& 
Ss 
3 
+ 


(13.3.13) 


For n, m € N we can also write 


7/4 sin?”—1 & cos™—1/2 (22) 22-1 /2m\ (2n +2m\~* (n+m\~* 
2n+2m dx -_ P 
0 cos i n \m n+m n 


oe 


Example 13.17. The values a = 2n, b = —2n—-2m—1, andc=m-—s + give 
3.625.4: 


7/4 sin?” & cos™—1/2(22r) il 
= 1 1 
For n, m € N we can also write 
7/4 sin?” 7 cos™—1/2(227) dx = T Qn\ (2m\ (n+m\~" 
0 cos27+2m+1 x —— 92n+2m+1 n m n . 
(13.3.16) 


Example 13.18. Formula 3.626.1: 


n/4 
[ = Vcos(22) an = 5 (n, 3/2), (13.3.17) 


comes from (13.3.2) with a = 2n — 1, b = —2n — 2, andc = 1/2. Forn Ee N 
we have 


Wer Tai 2?"(n — 1)! n! 
[ Gpsznl? & ane cos( (22) dx = ~Qn+D! (13.3.18) 


Example 13.19. The last example in this section is formula 3.626.2: 


ea 
0 


comes from (13.3.2) with a = 2n, b = —2n — 3, and c = 1/2. For n € N we 


have i 
74 sin?” x (2n)! 
i cages V/ cos( (22) dx = at nli(n+ 1)!" (13.3.20) 


© 2015 by Taylor & Francis Group, LLC 


Chapter 14 


An elementary evaluation of entry 
3.411.5 


O01: FROM IO OE, Joanie tb ouneshepcsewsseoedhbgerbadeeeaesoiewenpaseds 175 
14.3. A reduction argument so ccsccsscesssesseniivasnerstesseaueesexes ces 178 
14.3 An elementary computation of the first series ................... 180 


14.1 Introduction 


The compilation by I. S. Gradshteyn and I. M. Ryzhik [40] contains about 
600 pages of definite integrals. Some of them are quite elementary; for instance, 


4.291.1 ; : 
In(1 

| PE (14.1.1) 
0 My 12 

is obtained by expanding the integrand as a power series and using the value 

isis (—1)*-? 1 
————_—_ = —. 14.1.2 
» k2 12 ( ) 


The latter is reminiscent of the series 


Beal 2 


1 7 
==. 14.1. 
emer (14.1.3) 

k=1 
The reader will find in [22] many proofs of the classical evaluation (14.1.3). 
Most entries in [40] appear quite formidable, and their evaluation requires 


a variety of methods and ingenuity. Entry 4.229.7 


“A me (E3) 
/ InIntanae dz = —In ( a an (14.1.4) 
m/4 2 T'(3) 


illustrates this point. Vardi [82] describes a good amount of mathematics in- 

volved in evaluating (14.1.4). The integral is first interpreted in terms of the 
derivative of the L-function 

1) ae eee ee (14.1.5) 

175 
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as 


n/2 ry 
/ InIntan z dx = —— + L'(1). (14.1.6) 
m/4 4 
Here ¥ is Euler’s constant. Then L’(1) is computed in terms of the gamma 
function. This is an unexpected procedure. 

Any treatise such as [40], containing large amount of information is bound 
to have some errors. Some of them are easy to fix. For instance, formula 
3.511.8 in the sixth edition [39] reads 


= ae = eS es _ ead 


The source given for this integral is formula BI(98)(25) from the table by 
Bierens de Haan [14], where it appears as 


a —— 9 ae ae (14.1.8) 
9 etetYft a, V2k+1 
The change of variable t = \/z yields a correct version of (14.1.7): 
| a = /n aa (14.1.9) 
9 cosh(x2) Tr = a 


It is now clear what happened: a typo produced (14.1.7). In the latest edition 
of the integral table [40], the editors have decided to replace this entry with 


i ey (14.1.10) 
0 


cosh? x 


The right-hand side of (14.1.7) has been corrected. 

The advent of computer algebra packages has not made these tables obso- 
lete. The latest version of Mathematica evaluates (14.1.10) directly, but it is 
unable to produce (14.1.9). 

Most of the errors in [40] are of the type: some parameter has been 
mistyped, an exponent has been misplaced, parameters are mistaken to be 
identical (a common mishap is 4 and u appearing in the same formula). De- 
spite of this fact, it is a remarkable achievement for such an endeavor. The 
accuracy of [40] comes from the effort of many generations, beginning with 
[56] and also including [51, 77]. 

A different type of error was found by the authors. It turns out that entry 
3.248.5 of [39] is incorrect. To explain the reason for looking at any spe- 
cific entry requires some background. The stated entry 3.248.5 involves the 
rational function 

Ag? 


ee (14.1.11) 


p(a) =1+ 
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and the result says 


ea dx T 
2 = ——. 14.1.12) 
| 1/2 ( 

o Gaep[oes vem] 2% 


The encounter begins with the evaluation of 


o dx 
N : = ——_— 14.1.13 
0,4(a;m) i (x4 + 2ax? + 1)m+1 ( ) 
in the form - 
Niewi=! Oo _ (14.1.14) 


9 [2(a + 1)]m+1/2? 


where P,,(a) is a polynomial of degree m. The reader will find in [5, 59] details 
about (14.1.13) and properties of the coefficients of P,,. It is rather interesting 
that No,4(a,m) appears in the expansion of the double square root function 


+V14+c=Vatl a aa sa ier Ae k—1)c*. — (14.1.15) 


Browsing [38] on a leisure day, and with double square roots in our mind, 
formula 3.248.5 caught our attention. After many failed attempts at the proof, 
a simple numerical integration showed that (14.1.12) is incorrect. In spite of 
our inability to evaluate this integral, we have produced many equivalent 
versions. The reader is invited to verify that, if o(a,p) := Va++2pa?+1 
then the integral in (14.1.12) is I(3, 1), where 


foe) dx 
te.) = | es 


The correct value of (14.1.12) has eluded us. 


(14.1.16) 


The reader is surely aware that often typos or errors could have profound 
consequences. In a letter to Larry Glasser, regarding (14.1.12), we mistyped 
the function y(a) of (14.1.11) as 


ee (14.1.17) 
e 3(1 + 22) 
Larry, a consummate integrator, replied with 

V3 (Tanh“'V2u — JyTanh“' Ves) (14.1.18) 


where w = (V7 - v3) /2\/7. Beautiful, but it does not help with (14.1.12). 
The editors of [38] have found an alternative to this quandry: the latest edition 
[40] has no entry 3.248.5. 
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Another example of errors in [39] has been discussed in the American 
Mathematical Monthly by E. Talvila [81]. Several entries, starting with 3.851.1 
[38] 


“ b [a b? ar 
| x sin(ax”) sin(2br) dx = — jos —-+sin =| (14.1.19) 
0 2a\ 2a b 
are shown to be incorrect. This time, the errors are more dramatic: the inte- 
grals are divergent. These entries do not appear in the latest edition [40]. 
The website http://www.math.tulane.edu/~vhm/Table.html has the 
goal to provide proofs and context to the entries in [40]. The example cho- 
sen for the present article is taken from Section 3.411 consisting of 32 entries. 
The integrands are combinations of rational functions of powers and exponen- 
tials and the domain of integration is the whole real line or the halfline (0, co). 
There is a single exception: entry 3.411.5 states that 


In2 2 
| oe (14.1.20) 
0 


l-—e=* 12 


The next section presents an elementary proof of (14.1.20). 


14.2 A reduction argument 


The expansion of the integrand in (14.1.20) as a geometric series yields 


x _ = —ka 


Term-by-term integration produces the following expressions 


lee) enak fore) lee) 


* axdx 1 e— ak 
Pe cae 14.2.2 
Lee, Dee, Oe 


k=1 


The complexity of these three series decreases as one moves from left to right. 
We now compute each term in (14.2.2), individually. 
co 


The third series. Integrating the geometric series ye = 1/(1— 2) yields 
k=0 

‘2 = = In(1 — x), which is valid for |z| < 1. Evaluating at x = e~* gives 

n>1 


aaa 7 = In(1-e~*). (14.2.3) 


k=1 
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The second series. The Riemann zeta function 


co 


Cai = (14.2.4) 


plays a prominent role in the evaluation of the remaining 31 entries in Section 
3.411. Indeed, the first of these 


| oe Bake) (14.2.5) 


is the classical integral representation for ¢(v). It is becoming that the special 
value 


¢(2) = — (14.2.6) 


appears as the second series in (14.2.2). 


The first series. The second series in (14.2.2) is the only remaining part, we are 

alluding to the function a* /k? evaluated at x = e~*. This is the famous 
k>1 

polylogarithm studied by Euler. See the introduction to [55] for a historical 

perspective. Aside from the series representation 


OO Lk 
x 
PolyLog(2, x) = on (14.2.7) 
k=1 
there is a natural integral expression 
“In(1—t 
PolyLog(2, 2) = -f nu) dt. (14.2.8) 
0 


Therefore, the identity (14.2.2) reduces to 


2 


¢ od 1 
| et = =a? — PolyLog[2,e~*] + — —aln(1—e7*), (14.2.9) 
0 1 —e* 2 6 


and entry 3.411.5 corresponds to the special value 


PolyLog|2, 4] A. bigs (14.2.10) 
s|=— ——In*2. 2, 
ee alg. 9 
Equivalently, 
= 1 nr 2 
k=1 


Euler proved the functional equation 
2 
PolyLog[2, 2] + PolyLog|2, 1 — 2] = - —Inzin(1 — 2) (14.2.12) 


for the polylogarithm function. In particular, the case z = 4 gives (14.2.11). 
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14.3 An elementary computation of the first series 


1 
A series for In? 2 can be obtained by squaring n2 = — S> — so that 


n2” 
n>1 
“1 ae! 1 
io: = — —_j)= — 
ea = (Sok)*(Sam)- Dae 
n=1 m=1 nym>1 
7 A \eS (r= Qr° 
. : fs 1 1/1 1 ; 
The partial fraction decomposition ————— = -— | — + gives 
(r—m)m r\m r—-m 
a. Oe 
In?2= 5° Ee (14.3.1) 
r=1 


where H,_, =1+ 4 teeet 4 is the harmonic number. Therefore, 


| 

2 

In 2 ee = 
k=1 


It remains to verify that this last series is in fact ¢(2). 


The representation of the harmonic number as 


1 
1 —_ + i 
H, -| de (14.3.2) 
9 l-«z 
gives the desired step. Indeed, if c, is a sequence of real numbers and q is 
fixed, then 
fore) 1 fore) 
1 
crH,a"” = 1—2")c,a" dz. 14.3.3 
lo a2) (14.3.3) 
Thus the function - 
i@=> a0 (14.3.4) 
ak 
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appears in the integral representation 
co 1 _ 
S> cp Hya” = | cA est (14.3.5) 
ma 0 1-2 


In the present case, c, = 1/r2"~1 and f(x) = —2In(1 — 2/2). Therefore, 


< FH, 1 91n242In(1 — 2/2 Tin(1 
ye -[ n2+2In(1— 2/2) Par =2 f mMl+¥) wy (14.3.6) 
mare la 0 1l-« 0 y 


This last integral is computable via (14.1.1) and we have come full circle. 
The technique described above in exhibiting an elementary proof of 
(14.2.11) can be applied to 


> sl = ((3). (14.3.7) 


n 


J. Borwein and D. Bradley [25] have given 32 proofs of this charming identity. 
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Chapter 15 


Frullani integrals 


Sol. Detect. occ, Vacwaeie gen wieh beet eee in cea gvendn kes Sees 183 
16.2 BOMB OL EYAMPIES ncccee sted atsescenceehiienverneesonseseaupeeshes 183 
15.3 A separate source of examples ...............0.:e cee eee eee e ners 185 
iba & more delicate wea ple: cncic.evccssendis caceasoessnoniseeedsaed 187 


15.1 Introduction 


The table of integrals [40] contains many evaluations of the form 


[OE ae = (10) - H0)] (2), (15.1.1 


x 


Expressions of this type are called Frullani integrals. Conditions that guaran- 
tee the validity of this formula are given in [10] and [71]. In particular, the 
continuity of f’ and the convergence of the integral are sufficient for (15.1.1) 
to hold. 


15.2 A list of examples 
Many of the entries in [40] are simply particular cases of (15.1.1). 
Example 15.1. The evaluation of 3.434.2 in [40]: 


co .-ar _ ,—b2 
| eS de = In (2) (15.2.1) 
0 x a 


corresponds to the function f(x) = e~*. 


xz 


Example 15.2. The change of variables t = e~ 


1 po-1 = fe-1 a 
———- dt =ln|(-}. 15.2.2 
| Int " (3) ( ) 


This is 4.267.8 in [40]. 


in Example 15.1 yields 


183 
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Example 15.3. A generalization of the previous example appears as entry 


3.476.1 in [40]: 
[ Cau = ee.) = = In (=) (15.2.3) 


This comes from Frullani’s result with a simple additional scaling. 


Example 15.4. The choice 


f(z) = ———, (15.2.4) 


with p, q > 0 satisfies f(co) = 0 and 


ed — e~P& 
f(0) = lim ———— = p-4g. (15.2.5) 


x0 Qe 


Then Frullani’s theorem yields 


e7adt _ @— apr e7 bgt _ e bpx dx ( )1 b 
Ee ee eeEeEeEe —_ = = n cmt, 
0 ax bx x 8 a)’ 


that can be written as 


OO / e—agqt _ e@—apx e7 bgt _ e7 opx dx 7 ( 1 b 
0 a b ge PONG 


This is entry 3.436 in [40]. 


Example 15.5. Now choose 
f(x) = 


Then Frullani’s theorem yields entry 3.329 of [40], in view of f(0) = e~° and 
f(c) = 0: 


oo _ Apae — pebk b 
fi ca : ae de =e"? ln (2) (15.2.7) 
- 1 —e-ae lL. e>0® 


Example 15.6. The next example uses 


f(z) =(e@+e)4, (15.2.8) 


a exr(-ce”). (15.2.6) 


with c, w > 0, to produce 


[ Ao le Cen ee (2) (15.2.9) 


ax 


This is 3.232 in [40]. 
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Example 15.7. Entry 4.536.2 in [40] is 
oe) —1 —t —1 
| tan™ (px) — tan™ (gx) Fy (2) (15.2.10) 
0 x 2 q 
This follows directly from (15.1.1) by choosing f(x) = tan7! 2. 


Example 15.8. The function f(x) = In(a + be~*) gives the evaluation of 
entry 4.319.3 of [40]: 


_ ee a ee Aa (5) In (2) (5.2.11) 


x a+b 


Example 15.9. The function f(x) = abln(1 + x)/x produces entry 4.297.7 
of [40]: 


°° bln(1 —aln(1+b 
[a at ae = abn (2) | (15.2.12) 
0 ou : 


Example 15.10. Entry 3.484 of [40]: 


[ray -G rp) ] een). sais 


is obtained by choosing f(x) = (1+ a/x)® in (15.1.1). 
Example 15.11. The final example in this section corresponds to the function 


a+ be~* 
ce™ +g+he-* 


f(z) = (15.2.14) 


that produces entry 3.412.1 of [40]: 


[ a+ be~?* a+ be~#* dx a+b ind 2 
i —_— so Ld _ f 
0 LeeP® +gt+heP® cei +gthe%| « ct+gth Pp 


15.3 A separate source of examples 


The list presented in this section contains integrals of Frullani type that 
were found in volume 1 of Ramanujan’s Notebooks [13]. 


Example 15.12. 


z= tin 


[ tan~' ax — tan~! ba d 
0) x 
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Example 15.13. 


pd ge J b 
pots = n(1+4) m2. 
0 prqe" x Dp a 

Example 15.14. 


[ ax +p no br +p\"] dx _ 1 m2 
0 ax+q ba +q LC q” b 


where a, b, p,q are all positive. 


Example 15.15. 


i cosax —cosbr | _ ie 
0 a 


ax 


Example 15.16. 


~~ . ((b-a)z\ . ((b+a)xr\ dz “ cosax — cos br 1, b 
sin { ~———— } sin ( ———— ]} — = —.——_ dx = =In-. 
0 2 2 x 0 2x 2 a 


Example 15.17. 


| sin px sin gx ae | apa) Sole Oe dx = -In Ee 
0 x 0 2x 2 p-q 


Example 15.18. The evaluation of 


fo 14+ 2ncosaxr+n?\ dx In2In(lt+n)? n?<1 
n = —_- = 
0 1+2ncosba+n?] x In2n (1+ 4)’ ie Se 


is more delicate and is given in detail in the next section. 


Example 15.19. The value 


dx = 0 


oo e— 4 gin aa — e—°* sin ba 
6 x 


follows directly from (15.1.1) since, in this case f(z) = e~* sina satisfies 


f(co) = f(0) =0. 
Example 15.20. 


ec = In-. 


© e— 8 cog ax — e~°* cos ba F b 
0 xv a 
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15.4 <A more delicate example 


Entry 4.324.2 of [40] states that 


oo d 
| [In(1 + 2acos px + a”) — In(1 + 2acosqz + a”)] — = 
0 


2 In In(1 + a) -l<a<l 


q 
B (15.4.1) 
2In (2) In(1 + 1/a) a<-—lora>l1. 
This requires a different approach since the obvious candidate for a direct 
application of Frullani’s theorem, namely f(x) = In(1 + 2acosz + a”), does 
not have a limit at infinity. 

In order to evaluate this entry, start with 


1 
1 
¥dx = ——_, 15.4.2 
fe x p41 ( ) 
1 1 1 1 1 -1, 
[wf mae = a | dy = | zd r= f aa =l1n2. 
0 ty) 0 0 0 ine“ 
(15.4.3) 


This is now generalized for arbitrary symbols a and 6 as 


co pat _ pt 
| SO dt =In (£) (15.4.4) 
0 t a 


To prove (15.4.4), make the substitution u = e~* that turns the integral into 


te Be le 1 —1-B 
| ans | du / 

0 Inu 0 -1- 
-—1-8 


I 
5 
~~ 
21 
ee 


Now observe that Zope) | < < 1; therefore it is legitimate to expand the loga- 


rithmic terms as infinite series using In(1 +z) = >, (—1)*"! = . The outcome 
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reads 
© dx a )*-1 A¥ (cos® px — cos* qa) _ 
; = 
k>1 


z; 


2k 


ax 


(—1)*-1A* a (etPe 4+ eee _ (eta 4 ma iy 
0 


k>1 


where A = 2a/(1 +7). The inner integral is evaluated using some binomial 
expansions. That is, 


[ (ciPt 4 e—ipe)k _ (eige te ae=y(*) f° e(2r—-k)ipr _ o(2r—k)igx a 
0 x r=0 Tr 0 xv 


(15.4.5) 
It is time to employ equation (15.4.4). A closer look at (15.4.5) shows that 
care must be exercised. The integrals are sensitive to the parity of k. More 
precisely, the quantity 2r — k vanishes if and only if k is even and r = k/2, in 
which case there is a zero contribution to summation. Otherwise, the second 
integral in (15.4.5) is always equal to In(q/p). Therefore, 


“ k ae r—k)ipx r—k)iqu dx 
»(F) [e(@r-wine — ol2r-woiae] GE _ 


r=0 
OF In (4) if k is odd, 
(2° — oy In (4) if k is even. 


Combining the results obtained thus far yields 


(15.4.6) 
ie [ In(1 + 2acos(px) + a*) — In(1 + 2acos(qx) + a?) de 
xL 

dx )k—1 A¥ (cos* px — cos* gx) 

= [+ ba (CUA Coos pr = 008 ae) 
k>1 
k ‘. f 

(=1)"1 As k oo e(2r—k)ipx _ e(2r—k)iqa 

- k2k 2 ° xc ae 
k>1 r=0 0 

a ee) 
mes A gent 2 ae ey Ee 

5) », k - pa k 2K k/2 

) 


= In 


( ) 
meee n les (ay 
( 


1) n(1 +A) +5 In (4) > ee (#)* 
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The last step utilizes the Taylor series 


» e s = —2In (4 [1 + v1-4q]). (15.4.7) 


k>1 
This follows from the binomial series }7,.5 ica RF =1//1—4R after rear- 
ranging in the manner >. 
y es Rae 1 one 4 
—=\k  R/I-4R RR V1i—4R04+ 71-4)’ 


and then integrating from 0 to Q 
3 (i) or | 4dR 
— kk) k o0 vl—4R(1+V1-4R) 


vI~4@ du 
i) 1l+u 


(4 [1+ VI—4Q]). 
Formula (15.4.7) applied to equation (15.4.6) leads to 


r=m(2)ma+4)—1 n(2)m(3 [i+ V1=4Q]). 


It remains to replace Q = A*/2? = a?/(1 +7)? and use the identity 


II 
| 
NS) 


II 
| 
wo 
aS 


(a? - 1? 


pa ee = Gaara 


Observe that the expression for ,/1 — 4Q depends on whether |a| > 1 or not. 
The proof is complete. 


Note. Mathematica is unable to evaluate the entries 3.329 in (15.2.7), 
4.536.2 in (15.2.10), 4.319.3 in (15.2.11), 4.297.7 in (15.2.12), 3.484 in 
(15.2.13), and 3.412.1 in (15.2.15). The same is true for the delicate example 
in the last section. 
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Index of entries 
PG | Ae Wisi as aceaseccdeactasedes seed hacncaieescomiadasetacsexeberaou 191 


16.1 The list 


This index contains the formulas in Gradshteyn and Ryzhik [40] that are 
established here. The sections are named as in the table. A small collection of 
formulas, with answers that are too wide to fit in the structure designed here 
are given at the end. 


Section 2.14. 
Forms containing the binomial 1 +2”. 


Subsection 2.148 


7 dt ea ; my 23d x 
2.148.4 —— = a tan — —_ > 115 
| (+e) ae (aaa y 25 (2) (@? +1) 


Section 2.32. 
The exponential combined with rational functions of x. 


Subsection 2.321 


nN _paxrt 
2.321.1 [ore ae = = 2 forte ade 7 
a a 
_4)k p(n 
191 
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Subsection 2.322 


1 
2822.1 [eet ae = (=-<) 85 
a a 
2 op 
2,322.2 fared = e@(——-S4— 85 
a a a3 
3 2 
2.322.3 [oer as ay. gt 85 
a az a a4 
4 473 122? Qde 24 
2.3994 [eter as OO ne oe 85 
a a2 ae at a? 


Section 3.19 — 3.23 
Combinations of powers of x and powers of binomials of the form 


(a+ Bx) 
Subsection 3.191 


3.191.1 | a? 1(u—a)’1dz = u%t?-!B(a,d) 56 
0 

3.191.2 / (29 —u)*1a-*dz = u®°B(a,c—a) 60 
1 

3.191.3a fe tao ae = B(p,v) 53 
) 
1 

3.191.3b ip oma-2) ae = B(p,v) 53 
0 


Subsection 3.192 


1 P 
3.192.1 if massac = 54 
9 (l-2)P sin 7p 
1 2? dx T 
3.192.2 Se = 54 
9 (l—a)P+! sin 7p 
1 
1—«)Pd 
3.192.3 | Coes opt 54 
0 ptt sin 7p 
me d 
3.192.4 / (e-1p022 = 4 54 
1 x cos Tp 


Subsection 3.193 
ni nvtn 


ft “lin -—2)"de = ——————____- 
3.193 [= (n — x)” da ES ORE ea 56 
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Subsection 3.194 


co pe—1 d 
3.194.3 i a 
o (1+ Bx)’ 


3.194.4 a ot de 
ee ¢ GOppe) 


ee gl" te 
3.194.6 ——_—— 
| (1+ Bax)? 


B YB hu pt) 


(-1)" 


(1 — p) 


BH 


Tv 


Be (" . ') cosec(7) 


T 


cosec(i7r) 


1 
ae x” dx (Qn —2m—3)" a™ "2 
.194.7 gS ee, =, OR 
ie [ (a+ bay m—Gn= Dt ber 
Subsection 3.195 
oy p-1 —a7P 
3.195 | (+a) de la 
0 | (@ Far pla—1) 
Subsection 3.196 
3.196.2 / (a9—u)?a+v)* de = (u+v) Bla, d) 
3.196.3 i (en-au)? (v—a2) de = (w—u)*** Bia, d) 
3.196.4 iZ is = i : cosec 
. . a Tr eT ee nd _- — VT 
1 (a—bx)(a-1 b \b-a 
1 Vv 
dx wT 
3.196.5 — = = 
ee (a— ba) — 2)" b ( = 5) —_— 
Subsection 3.216 
1 geal 4-1 . 
3.216.1 ————_ 
| (1 an query (L, Vv) 
SO gel gun 
3.216.2 ———___ B 
f (1 + gute (u, Vv) 
Subsection 3.217 
Co bP gP-l 1+ bx)P-! 
3.217 | ae i is dx = mncotrp 
0 (1 + ba)P bp-lyp 
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81 


59 


59 


68 
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Subsection 3.218 
co ,,2p—-1 __ 2p—-1 
3.218 i ae. =: get mp 69 
0 (a + x)PaP 
Subsection 3.219 
ie 1 it dx 
3.219 ——__— —- — — ]— = a 135 
(eer) = = v0) 
Subsection 3.221 
co a p-l d. 
3.221.1 / ror = m(a—b)?~' cosec(pr) 61 
a i 
a _ p-l@d 
3.221.2 / (ona = —n(b— a)? cosec(pr) 61 
68 xu 
Subsection 3.222 
1 ul d 
x x 
3.222.1 = 151 
F —e B(u) 
oo p-1 d 
3.222.2a i. 7 = meosec(um)a"—! for a> 0 57 
0 w+ra 
[oe p-1 d. 
3.222.2b | 7 as —ncot(um)(—a)""! fora <0 57 
9 «&ta 


Subsection 3.223 


lee) j—1 
3.223.1 | ee 
9 (x+6)(x+a) 
ioe) j—1 
3.223.2 | a 
o (2+b)(a—2z) 
cl dx 


Subsection 3.224 


(e+ bch de _ 
3.224 | (CeCe = 
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T a—b 
——- | ——-a 
sin(yum) \a—c 


; 2 (a"—! — b#~) cosec(mp) 58 

—a 

— (bo *cosec(ut) + a"~* cot(um)) 59 
w -1 =a 

bon (a" — bY ) cot(mp) 59 


Index of entries 


Subsection 3.225 


ioe) fee 1 p—l1 
3.225.1 | (Cae et 
ol 


2 


x 
[oe] —1 1-p q 
3.225.2 | — 
1 x 
° xP dx 
3.225.3 ——: 
9 (l+2)8 
Subsection 3.226 
1 
x” dx 
3.226.1 ———_—. = 
‘| Vl-«2« 
1 jn—-1/2 d 
3.226.2 ai se 


0 Vl-2 


Subsection 3.231 


3.231.1 | —_—— 
0 


3.231.2 


3.231.3 


3.231.4 


3.231.5 


3.231.6 


— oC Se SOS 


Subsection 3.232 


3.232 | 
0 


x 
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(1 — p)m cosec pr 
a9 
—p(1 — p)cosec pr 


7 (1 — p) cosec pr 


(2n)! 
(2n + 1)! 


(2n — 1)! 
Qn” 


(az +c)" — (ba +c)“# 


7m cot Tp 


TT 


sin 1p 


1 
7 cot Ta — — 
a 


ul ee: 
p  sinap 
pv) — v(u) 


m(cot mp — cot 7q) 


dx = oin(2) 
a 


195 


62 


62 


61 


54 


54 


133 


132 


135 


192 
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Subsection 3.233 


3.233 - : —s)* = va@)t+y 


l+e2 (ita?) « 


Subsection 3.234 


1 q-1 —q 
3.234.1 | (= ars ) ae = “cotmg 
o \l-ar a-z aq 


Subsection 3.235 


3.235 p= = #(b)—#(b—a) 


Section 3.24 — 3.27. 


Volume 1 


135 


139 


135 


Powers of x, of binomials of the form a+ Gx? and of polynomials in 


x 


Subsection 3.241 


ce 1 
3.241.1 / 2S de = (2) 154 
o i+? Pp \p 
ar aaa i = 
3.241.2 i = ae = Ogee“ a ae ee 60 
9 ita’ Vv V Vv V V 
eae Hl” Tu /v)U(n +1 — 
3.241.4 | eS i es z= Pu/v)0 (n+ 1 — w/v) 62 
o (pt+qazv)ntt q vp"+1TD(n + 1) 
co pw p-l _ _ 
3.241.5 | saa = (p~q)n cosec (ide 63 
» Otay P , 
Subsection 3.244 
1 yp-1 q-p-1 
3.244.1 | a dx = F cosec ae 155 
0 D2? q q 
1 .b-1 _ ».a—b-1 b 
3.244.2 | ge Len 134 
0 1— x2 a a 
1 iq-1 p—1 1 
3.244.3 i i (, a4 (£)) 133 
qo 1i-a q q 
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Subsection 3.248 


a adie | 1 wl op 
1 ,2n+1 Gp g2n 12 
3.248.3 ; da = (Qn—1)iin 66 
0 Vl—«2? (Qn)! 2 
oe dx T 
s2as.a G12®)/inse ~ 3 “ 


a dx 2 [b 
3.248.6a ee —-1] ifa<b 76 
- (1+ 27)Vb + ax? vb-a ( a 


eS dx 2 
3.248.6b / ee SS iS 76 
oo (1+ %7)Vb+ ax? a 
ae d 1 Ja—b 
3.248.6c : oo In (a) ifa>b76 
oo (14+ 27) Vb 4+ ax? a—b Ja-Va—b 
Subsection 3.249 
3.249.1 7 a ~ Ps 64,88,148 
, ° 9 (a2 +a?)” ~ (2n — 2)! 2a2n-1 es 
e 2n — 1)! 
3.249.2 | (a? — a?)"-1/? dy =. (eee. 56 
1 b 
x? dx 1 b+1 
3.249.4 ——— = =¢{—— 154 
/ 1 eae 3° ( 2 ) 
1 
3.249.5 | (l—a*)4-! de = 274-2 3(u, 4) = $B(4, 4) 56 
1 j 9) 
3.249.6 1— Ja)?! dx Se 74 
i ( p(p + 1) 
1 
bt 1 
3.249.7 | (1— at)" de = —B (<. 1 -) 56 
0 Bw \E Vv 
- ge \"? mn—1)_./(n—-1 
3.249.8 1 d= “7 64 
rs cer : F(n]2) ( D 
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Subsection 3.251 
1 l in 
3.251.1 | ctl. —a)""ldx = —B Ge v) 
0 r nN 


a ge gd 1 
3.251.2 / aa = 58 (5 1-v-£) 
> +x) 2 


1 
3.251.3 / alt1(g? —1)""1 de = —B (1 Lp, v) 
1 p 


! 


Pp 
3.251.4 ar dae. m(2m)!(2n — 2m) 
3.251.5 i x2mtl dx _ mi(n—m-— 1)! 
: 7 0 (v a ut?)r+1 _ Inlymtiyn—-m 
soni [ ttt dx pr 
9 (l+27)? 4sin4 


1 
| oP t4-1(] — 9)—P/4 dy = 7? cosec () 
) q qd 
1 
3.251.9 | e/P-1(1 — 2)? de = “cosec (£) 
0 qd Pp 
1 
3.251.10 | aP-1(1 — 22)-?/4 dx = Zeosec (=) 
0 qd qd 
si 1 
3.251.11 | at—"(1+ BaP)” dx = — 
0 Pp 


Subsection 3.252 


3.252.1 7 da 
~—— 0 (av? +bar +c)” 


fa 
gB(Ey—4) 
Pp Pp 


oar a asad a arccot a 
= aa 1M 
(n—Dl dc! | Vac—B Vie 
3.252.2 i da _ (2n — 3)!ra"—4 
ae gy (aa? + bee e)" ~ (2n — 2)!"(ac — b2)n-1/2 
ee dx (—2)” ra 1 
3.252.3 $$ i 
i (ax? + bx + c)"+3/2 (2n + 1)!! Oc” amesn 
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65 


60 


87 


87 


| 8 


Index of entries 


Subsection 3.265 


Subsection 3.267 


1 gn dx on r (n+ 1) 
3.267.1 a =e SLY 
0 Vee ~ MATA TH+D 
1 .3n-1 _1)!IT 2 
3.267.2 — _ ee 
a Vile 30 (n+ 2) T(n +1) 
3.267.3 en? da = P(n= 3) 0 (3) 
0 V1l-2# 3D (n+ $) 
Subsection 3.268 
: -1 
1 p 
3.268.1 | ( rt ) = Inp 
0 1-2 1— 2? 
7 cog oy 
4. T= 
Subsection 3.269 
1 D _ »~—p 1 
ax av Tv Tp 
3.269.1 See a: et (=) ae 
f “Tae oo Oy a: 
1 Dp _ »~—p 1 
x xv 1 
3.269.2 ———-_(d SS 
[ aa rie p  2sin(pr/2) 
1 oa b 
Vs / ame 
2 d. = _ —, a 
3.269.3 | — de 5(( : ) o( 


Section 3.31. 
Exponential functions 


Subsection 3.310 


os 1 
3.310 | eP" dr = = 
0 Pp 
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133 


66 


66 


66 


82 


133 


134 


155 


134 


78 
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Subsection 3.311 


[ dx In2 
3.311.1 — im 
9 il+eP 7 
°° e—9t dx 
3.311.2 = 
i (a) 
33113 [ 2 = = pr 
és . oe Tte-@ = Tal COSe€C “7 
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exponentials, 82 
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elementary combination of E 
exponentials and rational Elementary changes of variables, 
functions, 86-87 79-80 
generalization of algebraic beta function, 55-57 
examples, 73-76 gamma function, 29-32 
involving exponential functions, generalization of, 73-76 
76-79 incomplete beta function, 
involving quadratic polynomials, 148-149 
84-86 Elementary logarithmic integrals, 
perfect derivative, 83 87-88, 180-181. See also 
recurrences of, 80-81, 112 Definite integrals 
reduction argument, 178-179 combinations of exponentials 
simple change of variables, and, 19-24 
79-80 elementary combination of 
simple example, 72—73 exponentials and rational 
truly elementary example, 81 functions, 86-87 
Denominators with complex roots, examples of recurrences, 80-81 
106-109 generalization of algebraic 
Derivative, perfect, 83 example, 73-76 
Derivative of w, 134 introduction to, 9, 71-72 
Difference of values in digamma involving exponential functions, 
function, 126-128 76-79 
Differentiation, 71 involving quadratic polynomials, 
formulas, incomplete beta 84-86 
function, 153-158 linear denominators, 10-14 
Digamma function, 99-100 partial fraction decomposition, 
defined, 119 13-14, 74, 103, 180 
derivative of w, 134 perfect derivative, 83 
difference of values in, 126-128 polynomial examples, 9-10 
exponential scale, 130-132 simple change of variables, 
family of logarithmic integrals, 79-80 
135-142 simple example, 72—73 
first integral representation, truly elementary example, 81 
121-126 unique multiple pole, 14-17 
incomplete beta function and, Eulerian numbers, 78-79 
142, 146-148 Euler’s beta function, 40, 88 
integrals over a halfline, 128-129 Euler’s constant, 145-146, 176 
integral with fake parameter, Even zeta values, 5 
133 Exponentials, 199-201 
introduction to, 119-121 combinations of algebraic 
singular example, 132-133 functions and, 202 
two-parameter family of combinations of arbitrary 
integrals, 143-144 powers and, 203 
Dilogarithm function, 162 combinations of logarithms, 
Dirichlet L-function, 2 powers and, 224-226 
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combinations of logarithms and, 
19-24, 223-224 

combinations of more 
complicated arguments and 
powers, 205-207 

combinations of polynomials 
and, 82 

combinations of powers and 
algebraic functions of, 205 

combinations of rational 
functions and, 86-87, 
191-192, 202 

combinations of rational 
functions of powers and, 
203-205 

digamma function, 130-132 

elementary integrals involving, 
76-79 

of exponentials, 202 

incomplete beta function, 
149-150 

integral function, 89 

of more complicated arguments, 
201 

parametric family, 95-98 

scale and beta function, 66—67 


F 
Fake parameters, 77 
beta function and, 68-69 
digamma function and, 133 
gamma function and, 34-35 
Finite intervals, 19 
Fourier transform, 159 
Frullani integrals, 26 
defined, 183 
examples, 183-189 
introduction to, 183 


G 
Gamma function, 61, 71-72, 176. See 
also Incomplete gamma 
function 
beta function and, 53, 55 
definition of, 25 
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elementary changes of variables, 
29-32 
incomplete, 95 
introduction of parameter, 26-29 
introduction to, 25-26 
logarithmic scale, 32-34 
presence of fake parameters in, 
34-35 
Gaussian integral, 71 
Generalization of algebraic examples, 
73-76, 79-80 
Glasser, Larry, 177 


H 
Halfline 
beta function integrals, 57-60 
digamma function integrals, 
128-129 
trigonometric integrals, 47-51 
Hurwitz zeta function, 2, 21, 28, 156, 
166 
Hyperbolic integrals, 69-70 
combinations of algebraic 
functions and, 207 
combinations of exponentials 
and, 207 
incomplete beta function, 
152-153 


I 
Incomplete beta function, 142. See 
also Beta function 
defined, 145 
differentiation formulas, 153-158 
elementary changes of variables, 
148-149 
elementary properties, 146-148 
exponential integrals, 149-150 
hyperbolic integrals, 152-153 
introduction to, 145-146 
Poisson representation example, 
159-160 
trigonometrical integrals, 
150-152 
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Incomplete gamma function, 95. See 
also Gamma function 

Indefinite integrals, 71 

Integration, 71 


K 
Kronecker’s delta function, 42 


L 
Legendre’s duplication formula, 25, 
56 
Legendre’s original form, 55 
Leibnitz differentiation formula, 28 
L’Hopital’s rule, 68 
Linear denominators, elementary 
logarithmic integrals, 10-14 
Lobachevsky function, 114-118 
Logarithmic integrals, 212—213 
alternative evaluation, 165-166 
beta function and, 67, 69 
combinations involving powers 
of, 219-221 
combinations of exponentials, 
powers and, 224-226 
combinations of exponentials 
and, 19-24, 223-224 
combinations of more 
complicated arguments and 
powers, 222-223 
combinations of rational 
functions and, 215-216 
digamma function and, 135-142 
evaluation of, 3-7 
evaluations in terms of 
polylogarithms, 162-164 
higher power of logarithms in, 
166-168 
introduction to, 1-3 
of more complicated functions, 
213-214 
new family, 92-94 
rational function family, 161 
two-parameter, 143-144 
Logarithmic scale and gamma 
function, 32-34 


© 2015 by Taylor & Francis Group, LLC 


Index, 


M 
Mathematica, 6-7, 88, 166, 176, 189 
beta function, 58-59, 70 
combinations of polynomials 
and exponentials, 82 
elementary logarithmic 
integrals, 80 
exponential integral function, 89 
gamma function, 24, 29, 35 
Lobachevsky function, 118 
recurrences, 81 
single purely imaginary pole, 
110-111 
trigonometric integrals, 42 
two-parameter family of 
integrals, 144 


N 
Normal integral, 25 


O 
Odd zeta values, 5 


P 
Parameters in definite integrals 
beta function and, 62-66, 68-69 
differentiation formulas, 153-158 
digamma function and, 133 
gamma function and, 26-29, 
34-35 
presence of fake, 34-35, 68-69, 
77, 133 
two-parameter family of 
integrals, 143-144 
Partial fraction decomposition, 
elementary logarithmic 
integrals, 13-14, 74, 103, 
180 
Perfect derivative, 83 
Pochhammer symbol, 105 
Poisson representation, 159-160 
Polygamma function, 21, 28, 134, 
163-164 


Index 


Polylogarithm function, 4-7 
integral evaluations in terms of, 
162-164 
linear denominators, elementary 
logarithmic integrals, 11—12. 
Polynomials, 77-78, 91 
Chebyshev, 165 
combination of exponentials 
and, 82 
examples of elementary 
logarithmic integrals, 9-10 
powers of x in, 196-199 
quadratic, 84-86 
single multiple pole, 104-105 
unimodal, 16-17 
Purely imaginary pole, single, 
109-114 


Q 
Quadratic polynomials, 84-86 


R 
Rational functions, 161 

case of single purely imaginary 
pole, 109-114 

combinations of exponentials 
and, 86-87, 191-192, 202 

combinations of In x and powers, 
221 

combinations of logarithms and, 
215-216 

combinations of trigonometric 
and, 211 

defined, 99 

denominators with complex 
roots, 106-109 

elementary examples, 100-103 

higher power of logarithms in, 
166-168 

introduction to, 99-100 

of powers, combinations of 
exponentials with, 203-205 

of trigonometric functions, 
powers and, 210-211 
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Rational Landen transformations, 41 

Recurrences of definite integrals, 
80-81, 112 

Reduction argument, 178-179 

Reflection rule, 120 

Riemann zeta function, 100, 101, 179 

Risch’s algorithm, 71 

Rising factorial, 105 


Ss 

Single multiple pole, 103-106 

Singularity, digamma function, 
132-133 

Stirling numbers, 94, 100, 105 


T 
Table of Integrals, Series and 
Products, 1, 72 
errors and typos in, 1 
forms containing binomial 
1l+2a”, 191 
index of entries, 191—226 
organization of, 1-2 
Talvila, E., 178 
Tangent integral, 100, 112 
Taylor polynomial, 42, 189 
Transformations, rational Landen, 41 
Trigonometric forms of beta function 
in family of trigonometric 
integrals, 172-174 
introduction to, 169 
special cases, 169-172 
Trigonometric integrals 
combinations of powers and, 211 
combinations of rational 
functions and, 211 
evaluation in closed-form of, 
39-47 
examples on the halfline, 47-51 
family of, 172-174 
incomplete beta function, 
150-152 
introduction to, 37-38 
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powers combined with other Vv 
powers, 212 Variables, elementary changes of, 
powers of, 208-210 79-80 
Two-parameter family of integrals, beta function, 55-57 
143-144 gamma function, 29-32 


generalization of, 73-76 
incomplete beta function, 


U 148-149 
Unimodal polynomials, 16-17 


Unique multiple pole, elementary W 
logarithmic integrals, 14-17 Wallis’ formula, 40-42, 85, 109 
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